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In the Brooks’ Inductometer is offered a compact form 
of variable inductance, with a self inductance range of 5 


to 50 millihenrys, possessing the following advantages: 


1. A fair degree of astaticism, which tends to eliminate 
errors due to stray field effects. 


2. It is less expensive and at the same time fully as ac- 
curate as the Ayrton-Perry instrument. 


3. It occupies less space than the Ayrton-Perry form. 


The instrument has a very nearly uniform scale, obtained 
by properly proportioning the coils. 


It may be used as a mutual inductance. 


It has a good ratio of maximum to minimum induc- 
tance (about g to 1) and also has as high a time constant 
as is consistent with good design and moderate size. 


The instrument is fully described in Bulletin No. 152, a 
copy of which will be sent upon request. 
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THE 


PHYSICAL REVIEW. 


ON THE EFFECT OF A MAGNETIC FIELD UPON CATHODE 
RAYS. 


By Louis T. MorE AND LOWELL M. ALEXANDER. 


HE changes produced in the appearance of the discharge from the 
cathode of a Geissler tube when it is ‘subjected to a strong mag- 
netic field are very marked. It was generally supposed that the action 
of the magnetic field was to change the paths of the negative particles 
of the cathode rays into helices. But Professor Righi, after an elaborate 
series of experiments in which he caused the magnetized cathode ray to 
issue into a large tube, found such remarkable secondary effects that he 
abandoned the above idea as inadequate and proposed an entirely new 
hypothesis. He assumed that the magnetic field creates and makes 
stable a stream of electrically neutral doublets, each of which consists 
of an electron rotating in the same direction about a heavy, and posi- 
tively electrified, gas ion; and that the magnetic field further exercises 
on the doublets a directive force to drive them to places of lower magnetic 
potential. When this stream, which he calls a ‘magnetic ray,” has 
moved a critical distance from the cathode, the magnetic field is no longer 
strong enough to overcome the centrifugal force of the rotating electrons 
and the doublets break up. The secondary effects in the large tube 
he ascribes to the actions of their disassociated constituents. 
Experiments! made in this laboratory, on the other hand, gave decided 
evidence against any such doublets being formed. In the second of 
these articles, on which the greater dependence can be placed, a hot lime, 
or Wehnelt, cathode was used and it was shown that all the secondary 
effects, upon which Professor Righi based the need and proof of his new 
theory, could be reproduced when there was no magnetic field at all. 
It was further shown that the “‘magnetic ray”’ differed only from the 
unmagnetized cone of rays, issuing from the hot-lime cathode, by bending 


1 More and Rieman, Phil. Mag., Vol. XXIV., p. 307; More and Mauchly, Phil. Mag., 
Vol. XXVL., p. 252. 
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towards or away from the pole of a test magnet instead of at right angles 
to it. This effect, evidently, would require no new theory as a stream of 
negatively charged particles moving in helices, will bend towards or 
away from the pole of an auxiliary magnet whether these particles are 
constituents of doublets or not. Other reasons were given to show that 
his theory was not only not necessary but that it was contrary to facts. 

Professor Righi' has not abandoned his theory and he has, in these two 
new articles, published additional experiments and a rather severe criticism 
of our conclusions. He has undoubtedly proved that a minor point in 
one of our papers was incorrect where we stated that the phenomena do 
not occur unless complex or mixed gases are used in the tube. But his 
conclusion that his theory is a necessary one and that our ideas were 
based on results which were spurious and were due to poorly constructed 
apparatus we do not at all accept. It is unfortunate, perhaps, that the 
experiments we are about to describe have been so long delayed because 
we should have pointed out, while the matter was still fresh, the fact that 
Professor Righi could not even have read our articles carefully or he 
would not have based his most serious criticisms on charges obviously 
without foundation. 

For example: he states, on pages 530 and 531,” that spurious effects 
similar to the phenomena of magnetic rays will be produced if there is 
the least spark produced in the main discharge circuit by a loose connec- 
tion or otherwise. To produce the true effects the current must be a 
uniform and continuous one, produced by a static machine or high-ten- 
sion battery, which condition will not be maintained if an induction coil 
be employed or if there be a spark gap anywhere else in the circuit. 
And then he adds: “‘It is not at all surprising that the physicists [More 
and Mauchly] have been deceived as they used currents produced by an 
induction coil and were evidently not careful to avoid possible spark 
gaps.” 

If the authors were deceived by spurious effects it could not have been 
for the reason given. On page 255? they state: ‘‘The principal thing 
which has hampered the work in the past was the use of an induction-coil 
or an electrostatic machine as a source of potential. The potential is 
then not sufficiently uniform, and the rays are rather unstable. The 
potential is too high, it cannot be measured accurately, and it produced 
too little current. All these defects are avoided by using a Wehnelt 
cathode in the tube, as we can then get a large current with a low and 
steady potential from storage cells." It seems rather hard to be accused 
of just the contrary when we adopted this method because Professor 


1 Righi, Phys. Zeitschr., Vol. XV., pp. 529 and 558. 
2 More and Mauchly, I. c. 
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Righi laid great stress on the periodic nature of the secondary effects of 
the ‘‘magnetic rays”’ and we wished to use a source of potential which 
could not of itself impress this periodicity on the discharge. We regret 
that we did not mention, what we supposed would be taken for granted, 
that we took care to have electrically continuous connections. 

Again, his second principal criticism is that no ‘‘magnetic rays’’ can 
be obtained unless the direction of the magnetic field is transverse to the 
line of the discharge between the anode and the cathode. Now a glance 
at the disposition of our apparatus will show that the direction of the 
magnetic field coincides with the anode-cathode current. The issue is 
thus clear cut; whatever may be the case when a cold cathode is used, 
our results were and are absolutely without value unless his claim is 
wrong when a hot-lime cathode is used. To prove this point we shall 
first show by actual photographs that all the essential phenomena found 
by us are identical with those given in photographs in his book: ‘‘Strah- 
lende Materie und Magnetische Strahlen.”’ 

If it is accepted that we are not now describing spurious effects, then 
we can give our additional evidence, and as frequently as possible by 
photographs, to show that the action of the magnetic field is to twist 
cathode rays into helical paths and not to create electrically neutral 
doublets. And let us state, at the beginning, that all the connections 
in the electrical circuits were soldered or were made by wires dipping in 
clean mercury except that a high resistance was used which consisted 
of wire dipping in acidulated water, an arrangement which Professor 
Righi permits. As a source of potential we used only a high-tension 
storage battery which had been first carefully put in excellent condition. 
And finally we made oscillograph records of the current which showed 
conclusively that there were no fluctuations in the current except those 
impressed upon it by the periodicity of the ‘‘ magnetic rays.” 

As the apparatus used in these experiments is the same as that de- 
scribed in detail by More and Mauchly,! it will suffice to refer to that 
article and to give here only a brief statement of the essentials of the 
discharge. 

The apparatus is shown in Fig. 1. The discharge circuit containing 
a water rheostat and the heating circuit for the cathode are both shown. 
A is the anode and C is the Wehnelt cathode on which a small spot of 
lime is brought to an incandescent heat. R is the large electromagnet 
giving a field strength of 2,000 units at a distance of 1.5 cm. from the pole. 

A diagram of the typical portions of the discharge is indicated in the 
large portion of the tube. The portion a represents the ‘magnetic 


1 More and Mauchly, l. c. 
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ray’’; bcd, the secondary or induced column. At c the virtual anode is 
marked; 0} and d are the two portions which bend under the influence of 
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the pole of a test magnet as if a current of positive electricity were passing 
in both directions from the virtual anode, c. 

As stated before, we wish to show by photographs that we are not 
dealing with spurious effects and the accompanying photographs should 
be compared with Professor Righi’s as printed in his “Strahlende 
Materie,”’ pages 239 and 242. 

Fig. 2 shows the complete ray. In all the photographs the black 
band to the left is due to a sealing wax joint in the tube. The dark 
portion in the middle of the column is the virtual anode, c. The two 
parts of the secondary column are clearly shown. The ‘magnetic ray” 
is, however, not readily seen in this picture. But in Fig. 3, the “magnetic 
ray”’ is deflected by the pole of a test magnet held against the tube. 
The position of this pole is shown by the tip of the ray where it strikes 
the tube. 

The curvature of the secondary column is shown in the next three 
photographs. 

In Fig. 4, the pole of the magnet, which is seen behind the tube, 
bends the portion d in a circular arc which is convex downwards. In 
Fig. 5, the pole is at the virtual anode, c, and causes a bend of double 
curvature in the column; in other photographs this portion was split. 
In Fig. 6 the pole is located at } and the bend is a circular are which is 
convex upwards. 

Our tube also shows a fluorescent spot if the ‘‘magnetic ray’’ is made 
to strike the wall. The secondary column is periodic as shown by a 
rotating mirror, by oscillographs, and by a high-pitched musical note 
which it emits. 
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While many of the characteristics of the ‘‘magnetic ray”? may be 
explained equally well by the doublet theory or by a stream of negative 
particles moving in a helical path, there are some properties which are 
not thus indifferent. If the rays from the cathode can be reduced to a 
sufficiently fine pencil of light, this line of light should be straight if 
Professor Righi is correct and it should be a spiral if the other view is the 
right one. Gouy! has shown the spiral form of these rays by an indirect 
method, and More and Mauchly also succeeded, at times, in making it 
visible. But we have now succeeded in controlling the effect so that it 
is readily obtained. 

In order to obtain an easily visible spiral discharge the pressure, 
voltage, field current, and resistance of the water rheostat must all lie 
within certain narrow limits. The pressure must be rather low, between 
0.001 and 0.004 cm. of Hg. The voltage has wider limits, as the spiral 
may be obtained by using from 200 to 1,000 volts. The magnetic field 
must be weak. The water rheostat must be adjusted so that the dis- 
charge just does not flash over with a very hot platinum strip. The spot 
of lime on the cathode strip must be very small, so that the electrons 
issue from a point source and thus form a very fine pencil of bluish light. 

It is perhaps not possible to obtain a visible spiral discharge with a 
cold cathode, for the electrons are then not given out from a point, and 
it is practically impossible to obtain a discharge at the low gas pressures 
that can be used with the hot-lime cathode. Thus the spiral form is 
obliterated in the thick beam of light issuing from the cold cathode. 

Photograph 7 shows the appearance of the spiral rays. The induced 
column may or may not be present when the discharge is spiral. When 
the pressure is very low, the ‘‘magnetic ray’’ comes out, without excita- 
tion of the large field magnet, not in a spiral but in a straight path. 
This is probably due to the residual magnetism of the coil, as there is a 
small iron pipe running through the center of the coil. If a test magnet, 
excited with a small current, is placed at right angles to the tube, the 
‘magnetic ray” is not drawn towards the magnet, but is deflected towards 
a point on the glass 90° from the magnet. This condition is evidently 
due to the electrons not being wound on a spiral but travelling in approxi- 
mately straight lines, and thus they would act as a flexible wire carrying 
current and be deflected at right angles to its axis and to the direction of 
the magnetic field. If the excitation of either the test magnet or the 
main magnet is increased considerably, the stream of rays becomes a 
spiral and it is then attracted directly to the pole of the test magnet. 

This shows that the magnetic ray is identical with the cone of rays 


1 Gouy, C. R., Vol. CLII., p. 353; Le Radium, Vol. VIII., p. 129. 
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which is given out when the field coil is not excited, with the exception 
that in the latter case the electrons are not travelling in spirals. 

As the magnetic field is not uniform, the pitch of the spirals increases 
in the weaker parts of the field. The spirals also are present on the 
anode side of the cathode, although they have a very small pitch, as 
they are in the strongest part of the field. 


DIRECTION OF ROTATION OF THE SPIRALS. 


In the following discussion, a spiral that would advance with a clock- 
wise rotation is called a right-handed spiral. One which would advance 
with a counter-clockwise rotation is called a left-handed spiral. 

If the current in the main coil is in such a direction as to cause the 
pole of the magnet to attract a south pole of a compass, then on the anode 
side of the cathode the spiral was left-handed, and in the large tube it 
was right-handed. When the current in the coil was reversed the spirals 
reversed. The directions of rotation indicate that the particles com- 
posing the spiral stream are negative. 

Measurements of the pitch of the spirals were taken at constant 
pressures while varying the discharge voltage and the field current. 
The field strength is assumed proportional to the field current. 

Four curves are shown in Fig. 8 at a constant pressure of 0.003 cm., 
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giving the relation between the field strength and the pitch of the first 
spiral in cm. in the large tube for four values of discharge voltage 1,000, 
800, 600 and 400 volts. This shows that at constant voltage and pressure 
the relation between field strength and pitch of spirals is a rectangular 
hyperbola. The torque on the electrons decreases with decreasing mag- 
netic field, and the translational force increases with the electric field, 
as is to be expected from theoretical grounds. 
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The diameter of the spirals was always roughly one tenth of the pitch. 
Well-defined spirals were obtained with voltages as low as 200. 


CHARGE CARRIED BY THE MAGNETIC Ray. 


Undoubtedly the final test of the two theories must rest with the 
electrical nature of the “‘magnetic rays.”’ If they consist of a stream of 
doublets then they must be electrically neutral, but if they are deflected 
cathode rays they must certainly be charged with negative electricity. 
This difference has not been satisfactorily tested. Professor Righi states 
that he received them in a Faraday pail and found them to be electrically 
neutral. On the other hand, Thirkill,! by the same method, found them 
to be charged negatively. This difference is perhaps not surprising 
as in both cases the Faraday pail was placed in the large tube directly 
in the line of the rays. Because of intense ionization of the gas in this 
tube one might expect to collect in a Faraday pail either negatively or 
positively charged particles or both in varying proportions. To avoid 
this source of error an extension was inserted in the tube between the 
cathode and the wide portion. A branch tube 1 cm. inner diameter and 
18 cm. long, was sealed into this new part as shown in Fig. 9. Into this 
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branch a very small Faraday pail was inserted and a magnetizing coil 
was wound uponit. By varying the current through this coil and moving 
it back and forth along the branch tube, the stream of ‘‘magnetic rays”’ 
could be projected against its wall or be drawn directly into the pail. 
At first, in order to measure the charge, an electrometer was tried, but as 
was the case in Thirkill’s experiments, the readings were erratic. This is 
probably due to the intense ionization of the gas even in this branch tube, 
which renders it such a good conductor as to allow the charge to leak off 
immediately. 


1 Thirkill, Proc. Roy. Soc., 1909, p. 324. 
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The electrometer having been found unsuccessful, it was replaced by 
agalvanometer. The inner pail was connected to one terminal, the other 
being earthed. It was found that when the rays were deflected directly 
into the pail the galvanometer invariably gave a steady deflection, 
indicating a negative charge. 

From these results there can be little doubt that the ‘‘magnetic rays” 
consist of slowly moving cathode particles twisted into a helix by the 
action of the magnetic field. It is, furthermore, easy to show by photo- 
graphs that the “magnetic rays” are streams of negatively charged 
particles. A piece of copper gauze was placed inside the large tube 
about eight inches from the cathode and at right angles to the axis of the 
tube. A small wire connected to the gauze was led out, so that it could 
be connected to a source of potential, to an electroscope or to earth. 

When the leading-out wire was insulated, only a very small proportion 
of the magnetic rays penetrated the screen. This is shown in photograph 
10. When the leading-out wire was connected to an electroscope, a 
steady deflection was observed, which deflection was reduced when a 
positively charged rod was brought near it, and increased when a nega- 
tively charged rod was brought near. All of these indicate that the 
screen had received a negative charge from the rays. 

In photograph 11 a screen is shown inserted at an angle of 45° to the 
axis of the tube. When this screen was connected to the cathode, the 
magnetic rays were deflected into a parabolic arc. The screen charges 
up negatively and the magnetic ray, which consists of slowly moving 
electrons wound on a spiral, is deflected by the electrostatic field. 

Lastly, instead of the screen, a single wire was placed at right angles 
to the axis of the tube, with a leading-out wire, as before. Photographs, 
which are not printed because of lack of space, show clearly that the 
magnetic ray is a stream of negatively charged particles. When the 
magnetic field is weak the ray stops, with a flattened end, before it 
reaches the wire which has become negatively charged. If the discharge 
is then driven into the tube by increasing the field, the ray splits into a 
fork around the wire; if the field is made still stronger, these forks unite 
and leave a dark-space completely surrounding the wire. 


PULSATIONS IN DISCHARGE CIRCUIT. 


It was noted that when an earthed screen was placed over the tube, 
the cathode also being earthed, a tone was given out by the tube when 
the rays appeared. The pitch of this tone could be varied over wide 
limits, in the case of this tube over three octaves. The pitch was changed 
by the following methods: 
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1. By varying the magnetic field. 

2. By varying the heating current through the platinum strip, thus 
liberating more or less electrons. 

3. By changing the inductance of the wire connecting the screen to 
earth, by means of a variable inductance. The added inductance, 
varying from 0 to 50 milhenrys, changed the note by about one full tone. 

4. By pressing the screen closer to the glass surface of the tube. 
This evidently shows a condenser action, the screen and the ray inside 
the tube acting as the two metallic plates, the glass tube itself being the 
dielectric. 

An oscillograph was placed in series with the high-tension storage- 
battery circuit to measure the change of current. Oscillograms were 
taken when the tube gave out tones of different pitch, the pitch being 
determined in each case by means of a variable tuning fork. A 60-cycle 
voltage wave was superimposed on the current wave in order to measure 
the number of pulsations per second. It was found that in every case 
the number of pulsations per second in the discharge circuit was equal 
to the frequency of the tone given out by the induced column. For 
instance, in one case the tone was set one octave above middle C and an 
oscillogram was taken. By counting the pulsations on the oscillogram 
it was found that there were 510 per second, 512 being the frequency of 
the tone. 

As this whole question of periodicity has been very carefully discussed 
by Dr. Ives! since our experiments were completed, it is not necessary 
to go further into the question. 


EXPERIMENTS ON THE SECONDARY COLUMN. 


Professor Righi not only refused to accept our conclusions in regard 
io the nature of the ‘‘magnetic rays”’ but he also asserted that we could 
not have obtained a true secondary column which was periodic and 
had a virtual anode. He states that such an effect is impossible unless 
the anode-cathode discharge takes place perpendicularly to the magnetic 
field. Our apparatus is designed so that they coincide. We have given 
photographs of this ray; we find that it is periodic both by the oscillo- 
graph and by the tone emitted; it also bends, as do his secondary columns, 
under the influence of an auxiliary magnetic field. There remains still 
one other proof; that is, by measuring the potential at various points in 
the column by exploring wires, to show there is a place of a positive 
potential with respect to both ends of the column. 


1 Ives, Puys. REv., Vol. IX., p. 349, 1917. 
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EXPERIMENTS WITH EXPLORING WIRES. 


The glass plate forming the end of the tube was replaced by a brass 
plate. Through the brass plate two small holes were bored and long 
glass tubes were passed through the holes and hermetically sealed. 
Platinum wires had previously been threaded in the tubes and sealed 
with a millimeter in length left protruding, to serve as collecting points. 
The other ends of the wires were connected to a Dolazelek electrometer. 
The two platinum exploratory points were located at points A and B 
about 20 cm. apart, A being the closer to the cathode. By varying the 
magnetic field and potential, the virtual anode could be located between 
the cathode and A and then be driven to a position between A and B, 
and finally to a point beyond B. 

If the secondary column has a virtual anode, then in the first position 
A should be positive with respect to B. 

As the virtual anode passes into the region between A and B, the 
difference of potential should decrease; be reduced to zero and then 
reverse, attaining a maximum difference when the virtual anode reaches 
B. After the anode passes beyond B, the point A should remain always 
negative with respect to B. 

This experiment was repeated many times and the deflections of the 
electrometer confirmed the presence of a virtual anode. 

The above effects were obtained with and without the use of a mag- 
netic field, thus confirming the conclusion of More and Mauchly. Ac- 
cording to Professor Righi’s hypothesis of the formation of the virtual 
anode, a magnetic field is absolutely necessary. In his experiments he 
used a tube with a cold cathode, in which the emission of electrons can 
only be changed by altering the voltage across the discharge. Under 
these conditions he was unable to locate a virtual anode when no mag- 
netic field acts. But Dr. Ives quite confirms our view by finding, even 
with a cold cathode, “that the Righi effects will be produced without 
either magnetic field or spark gap if the pressure in the tube is made low 
enough.” 

With a WehnelJt cathode, when no magnetic field is used, the position 
of the virtual anode can be changed by altering the temperature of the 
heating strip, thus increasing or decreasing the number of electrons 
emitted and the gradient of the electric field about the cathode. If the 
heating strip is at a moderate temperature, a small number of electrons 
are given out, and the gradient of the electric field will be at a maximum. 
Thus the electrons will accelerate very rapidly in the first few centimeters 
of their path. The electric field however falls off very rapidly and the 
electrons will slow down due to collisions. 
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Now Sir J. J. Thomson! states: ‘‘The ionization does not begin until 
the cathode rays have a certain amount of energy. It then increases 
rapidly, attains a maximum which, in the cases investigated by Kossel, 
was when the cathode rays had energy corresponding to about 300 volts, 
then diminishes slowly at first, but ultimately inversely as the energy of 
the cathode particle.’ Therefore, as the velocity decreases in the tube, 
the ionization increases until the virtual anode is reached. Beyond this 
point most of the electrons cease to ionize the gas, but they still have 
sufficient velocity to carry them to the end of the tube. The negative 
particles which result from the ionization move towards the far end of 
the tube, since they have a high mobility. The field however at the 
virtual anode is so weak that it causes only a slow drift of the heavy 
positive ions to the cathode, thus leaving a positive layer between the 
two negative ends of the tube. 

Now suppose the temperature of the heating strip to be increased 
beyond a critical value. Under this condition more electrons are given 
out and the electric gradient is less steep on the far side of the cathode. 
The particles will not accelerate so fast, and as the field falls off the 
accelerating effect will be neutralized by collisions. In this way the 
velocity at which no ionization takes place will be reached sooner, and 
the virtual anode will move nearer to the cathode, shortening the whole 
ray. 

If the number of electrons emitted be increased still more, the gradient 
decreases and the virtual anode continues to move towards the cathode, 
and will finally reach such a position that the electric field is strong enough 
to remove the positive ions as fast as they are formed, and the reddish- 
white or secondary column will disappear, leaving only the blue stream 
of cathode particles. 

It is evident, if this explanation is correct, that the existence of a 
magnetic field is not necessary. Let us investigate the effect of the 
magnetic field. When a small magnetic field is applied along the axis 
of the tube, the negative glow is lengthened from a centimeter or two, 
to 15 or 20 cm.?. Although the length of the secondary column is not 
necessarily changed, it is shifted as a whole towards the far end of the 
tube, carrying with it, of course, the virtual anode. The effect then is, 
that under a given difference of potential, the virtual anode is farther 
from the cathode when a magnetic field is acting than when it is not. 

Now suppose a very large magnetic field to be applied. The length 
of the negative glow is increased only a small amount. The electrons 


1 Sir J. J. Thomson, Proc. London Phys. Soc., Vol. XXVII., p. 108. 
2? Conduction of Electricity through Gases, J. J. Thomson. 
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are wound into spirals of a very small pitch and the distance from the 
cathode at which they will cease to ionize will be shortened, the secondary 
column will be decreased in length and the virtual anode will be brought 
closer to the cathode. 

In the same way as before, the virtual anode may be brought so close 
to the cathode by increasing the magnetic field that the positive ions will 
be drawn to the cathode,—the secondary column disappearing as before. 

Thus, as the magnetic field is increased from a zero value, the distance 
of the virtual anode from the cathode increases, comes to a maximum, 
decreases, and finally disappears. Also since the same amount of ioniza- 
tion takes place over a shorter path due to the helical path of the electrons, 
the intensity of ionization will be increased, thus explaining the greatly 
increased illumination noticed when the magnetic field is applied. 

We again wish to thank Mr. P. B. Evens whose great skill made 
much of our work successful. 


THE UNIVERSITY OF CINCINNATI. 
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DERIVATION OF THE NEWTONIAN CONSTANT OF GRAVITA- 
TION IN TERMS OF THE PROPERTIES OF ELECTRONS. 


By ALBERT C. CREHORE. 


HE expression for the Newtonian constant of gravitation in terms 
of well-known constant properties of electrons is given in (9) 
below. The numerical agreement with the astronomical value of the 
Newtonian constant, 666.07 x 107!°, falls within the limits of error of 
the determination of the five physical constants involved. In fact, if 
we employ the values of the mass of the hydrogen atom and of Planck’s 
constant as found by Millikan, and use a value for the mass of the 
negative electron at slow velocities as determined from Bucherer’s value 
of e/my and Millikan’s e, we obtain the astronomical value of the New- 
tonian constant exactly by employing a value of the electronic charge 
approximately equal to 4.750 X 107!° electrostatic units,' a value one 
half of one per cent. less than Millikan’s value which is 4.774 X 107°. 
In the formula this value of e is raised to the tenth power. To obtain 
the proper value of the Newtonian constant, we must also put the quan- 
tity p, which denotes the number of electrons in a hydrogen atom, equal 
to 2. If it is put equal to unity, as in current theories, the Newtonian 
constant comes out 16 times too small. 

It is self evident that any effort to obtain the proper combination of 
these physical quantities to give the Newtonian constant within the 
limits of error of measurement of these quantities would not have been 
successful unless we had been guided to this result by some theory. The 
obtaining of the result, therefore, makes the theory of interest. The 
present paper has for its object an explanation of the processes employed 
in arriving at this result, and in this sense we may speak of the derivation 
of the Newtonian constant. 

The first assumption that we shall make is an expression for the space- 
time-average of the mechanical force exerted by one electron revolving 
in a circular orbit at a uniform velocity upon another electron revolving 
in a different circular orbit at a different uniform velocity, the orbits 
being at a very great distance apart as compared with their radii. The 
use of the word space-time-average requires further definition for the 


1 It is not intended to imply by this illustration that all of the difference is to be assigned 
to an error in e. It should be properly divided between each of the five constants in (9). 
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sake of clearness. We do not mean simply the average force obtained 
by taking the time-average as the two electrons revolve about their 
orbits in fixed positions, but we also include a second average, which 
may be called the space average, obtained by taking the average force 
of an infinite number of pairs of electrons, the only restriction being that 
the centers of the orbits of each shall be fixed in space. The pole of the 
orbit of each electron may be pictured as lying upon the surface of a 
sphere whose center is the center of the orbit. In taking the average 
of an infinite number of such pairs, it is considered to be equally probable 
that there will be the same number of poles per unit area of the spheres 
uniformly distributed over the entire surface of each sphere. The result 
in equation (1) is supposed to be the average obtained, first, by takinz 
the time-average for any pair, and then by taking the space-average 
for an infinity of infinity of such pairs, with poles uniformly distributed 
over the spheres as described, the centers of the two spheres being fixed 
at great distances apart compared with the radii of the orbits. The 
first assumption is then 


m 
F= 3K CB Br. (1) 


my denotes the mass of the negative electron at slow velocities, K the 
specific inductive capacity of the medium, e; and e2 the electronic charge, 
B, and B, the ratios of the velocities of the electrons to that of light in 
the first and second orbits respectively, and 7 the fixed distance between 
the centers of the two orbits. 

The second assumption that we shall make relates to the velocity of 
an electron in a circular ring of electrons. We shall assume that, to a 
first approximation, 


v= a= = Be. (2) 


Here v is the linear velocity of the electron, and c the velocity of light. 
h is Planck’s constant, and p is the number of electrons in the ring of 
electrons, an integer. It follows immediately from (2) that for a single 
electron in the ring 


B= pap: (3) 


And the sum of 8? for the ring of electrons is p times this, or 


9 


¥R2 2 met ; i 
=e? = ae (per single ring). (4) 
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We may, by means of (1), write down the attraction between any two 
pieces of matter at a great distance apart compared with the dimensions 
of the bodies, since we may regard r as very approximately the same for 
every one of the pairs of electrons that enter into the bodies, whence the 
only quantities that vary are 6; and #2. The total attraction between the 
bodies is then obtained by substituting for 6,? the 2,6? and for B,? the 
>.6?, the summations being taken for every electron in each body respec- 
tively, giving 

mo 


eed 


€)0228°2LB?r-. (5) 
1 2 

If the bodies have appreciable dimensions compared with the distance 
between them, then the distance, r, becomes the distance between their 
centers of gravity as in gravitational problems. It is, of course, assumed 
in deriving (5) from (1) that the very great majority of all matter is 
composed of atoms in which negative electrons are revolving at uniform 
velocities in circular orbits, and of positive nuclei relatively at rest. 

Let us next write down the total attraction according to (5) between 
two similar atoms of the simplest kind having but a single ring of elec- 
trons besides the nucleus. It is thought that hydrogen and helium 
represent such simple atoms. We have in (4) the 2S? for each atom, if it 
has but a single ring, and, since we are now supposing the two atoms to 
be alike, we have 

478 
yen R@2 —! Pl 6 
na ma p chi ’ ( ) 
and, putting this value in (5), we obtain as the whole attraction between 
the two single ring atoms 
p* wie! 
PF = a, -- r*. 
3K” ch (7) 

This should represent the attraction on the average between two atoms 
of hydrogen or of helium when the correct number of electrons is sub- 
stituted for p in the two cases respectively. 

The attraction on the average for two atoms of hydrogen is given by 


Newton's gravitational law to be 
F = km,?r-. (8) 
By equating the two expressions for the same force, (7) and (8), we 


may find a value for the gravitational constant, k, and thus see that the 
two expressions in question are really equivalent. We have 


© 3K me che 9) 
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the Newtonian constant in terms of the properties of electrons. The 
astronomical value of k is 666.07 X 107! (see Smithsonian Physical 
Tables, p. 109). The velocity of light as given by Weinberg on the same 
page is 2.9987 X 10'°. The value of the mass of the electron, mp, is 
.90 X 107”, as derived from Bucherer’s value of e/cmo = 1.767 X 10’, 
Millikan’s value! of e = 4.774 X 107° and the above value of c. Milli- 
kan’s values for my, and h are my, = 1.662 X 10-**and h = 6.547 X 107”. 

If we now substitute all of these values in (9) with the exception of e, 
and calculate e from e!®, the nearest value of e, to four significant figures, 
required to satisfy the equation exactly is e = 4.750 X 107, provided 
we make p = 2. This value of e is about one half of one per cent. smaller 
than Millikan’s value above given. Other observers have obtained 
values of e by different methods which range at least from 4.65 to 4.81, 
and it is not impossible that 4.750 is within the accuracy of measurement 
of this important quantity; but we do not need to make so great a 
change in e, because some of the discrepancy may be attributable to 
errors in mo, m, and h. In fact, if this proves to be a correct expression 
for the gravitational constant, it would be a very accurate way of deter- 
mining e itself, because the value of k is known with precision, and because 
e is affected by the tenth power in the formula. 

It is very significant that the integer p must be equal to 2 instead of 1, 
as denoting the number of electrons in the hydrogen atom. This agrees 
with the conception of the hydrogen atom which the author has arrived 
at from independent considerations, and which others have also pre- 
ferred to the single electron of the Bohr theory. It does not seem 
advisable to digress from our main subject now to discuss this point 
further. If, however, we should put »=1 in the expression, this 
would make the Newtonian constant 16 times smaller than it is. 

Some reference seems to be required as to the reason for the introduc- 
tion of the specific inductive capacity K in equation (1). This matter 
has been referred to in a former paper,’ in which a provisional table of 
dimensions was given on page 464. The reason for its introduction is to 
keep the dimensions of the equation the same as that of force. This 
seems to require that the K shall have the dimensions of the reciprocal 
of mass, as given in that table. There is no reason to feel that this is 
the only possible solution of this matter, but it does point to the desira- 
bility of returning to the notation of the older forms of electromagnetic 
theory, in which the K is assumed to be present in the fundamental 
equations, and not suppressed as in the present form of the theory. 

The numerical agreement between the two members of equation (9), 


1 Phil. Mag., July, 1917, p. 16. 
2 Puys. REv., June, 1917, p. 464. 
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all of the constants having been determined by independent observers, 
supplies a very cogent argument in support of the ideas which have led 
to any such complex expression for the Newtonian constant of gravita- 
tion. As above remarked, if one deliberately set out to put together 
combinations of these quantities so as to give the correct numerical 
value, and is not allowed to put in any arbitrary numerical multiplying 
factor, the odds against being able to do it are very great. The 4% 
which appears in the expression is not an arbitrary factor to help make a 
fit, but it is exactly accounted for as part of the theory, as is explained 
in the following sections. 

To derive this numeric 4, let us consider equation (1) more closely. 
This equation is directly derivable from an expression somewhat more 
complex, as denoting the time-average of the force when both of the 
orbits are stationary. This expression is 


F = YeeomByB."[1 — (— X sina + Z cos a)*|r~. (10) 


It will now be shown that, in taking the space-average of this expression 
as described above, the value of the bracket gives an average of 24, 
which combined with the )% already in the coefficient of (10), gives the 
numeric 14 in equation (1) with which we started. It may be urged that 
because (1) is a result derived from (10) that (10) may be more properly 
called the fundamental assumption, but it does not matter. One process 
has already been completed in arriving at (10), that is, the time-average 
has been taken over a long time so that the expression in the bracket of 
(10) is independent of the time. Since it depends still upon the space 
orientation of the orbits with respect to each other we must expect the 
expression to contain quantities that vary with the orientation. These 
quantities are X, Z and a, which require definition, and, in taking the 
space-average, these quantities disappear as in (1). 

Before deriving the space-average of the bracket in (10) we may 
obtain a geometrical conception of this equation as follows. x, y and z 
are the rectangular coérdinates of the position of the center of the second 
orbit with respect to the first, each center being fixed in space, and X, 
Y and Z are the direction cosines of this position. a is the angle between 
the axes of rotation of the two orbits.'_ The z-axis passes through the 
center of the orbit of e; and coincides with its axis of rotation. The y-axis 
passes through the center of the orbit of e; and lies in the plane of its 
orbit, and is also parallel to the line of intersection of the planes of the 
two orbits, e; and ¢. As we move the orbit of e: into different positions 
the z-axis alone, therefore, remains fixed, the y-axis being determined by 


1 For definition of these axes see p. 450, loc. cit. 
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the position of ¢. It may be shown that the quantity 7? — (— xsina 
+z cos a)’ is geometrically represented by the square of the perpendicular 
line from the center of the orbit of e, drawn to the axis of rotation of é, 
that is, to a line through its center perpendicular to plane of its orbit. 
The part within the parenthesis is the distance from the center of e 
to the foot of this said perpendicular. Dividing the expression by r? 
gives 1 — (— X sina + Z cos a)’, which occurs in the bracket in (10). 
The limits of variation of the said perpendicular as the orbit e: is turned 
in every possible way is then from zero to r, and of the bracket in (10) 
from zero to unity. The force expressed by (10) may then vary from 
zero, when the axis of the second orbit happens to pass exactly through 
the center of the orbit of e;, to a maximum value equal to the coefficient. 

As a special case we will first imagine that there are four electrons 
é, making up a group of four whose axes of rotation are parallel with the 
four medial lines of a regular tetrahedron respectively. We need not 
imagine that the centers of the four orbits coincide, but simply that the 
distances between their centers are small compared with the large dis- 
tance to ¢. It may be shown that the sum of the squares of the four 
perpendicular lines drawn from the center of the orbit of e, to each of 
these axes of revolution respectively is a constant quantity independent 
of the orientation of the group of four orbits, provided they keep their 
relative directions parallel to the medial lines of a regular tetrahedron. 
Since this is true, we may replace the bracket in (10) by a constant 
quantity, which shows that the force due to the group of four orbits 
acting upon the one is independent of their orientation. This being 
true, we may place the group so that one of the four axes passes through 
the center of e,, when the other three axes make equal angles with the 
line joining the centers of e; and e. Each of these perpendiculars is 
then equal to 24 V2 r, and the fourth is zero, whence the sum of the 
squares is 8/3 7°. Hence, the sum of the four forces is given by replacing 
the bracket in (10) by the quantity 8/3, and the average force per pair 
of electrons as the group is oriented in all possible ways is one quarter 
of this, or the bracket must be replaced by 24. Doing this gives equation 
(1) with which we started. 

If, therefore, the body of which e: is but one electron is made up of 
multiples of such groups of four electrons, all the axes of revolution 
of the electrons in the body being divided into four equal groups having 
axes parallel to the four medial lines of a regular tetrahedron only, then 
the attraction of such a body for either a single electron or another 


1See note, p. 459, loc. cit. This geometrical theorem has been proved by Prof. F. W. 
Owens. 
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similar body is shown to be independent of the orientation of the axes 
of the body. Considering again the original pair of electrons e; and é2 
in their general orbits in space any of the forms of electromagnetic 
theory applied to these electrons shows that the one exerts upon the 
other a tendency to turn the axis of rotation of the other until the planes 
of their orbits are parallel, as the stable condition. If we now assume 
that all of the orbits of the electrons in any one atom lie in the same 
or in parallel planes, and that there is a tendency on the part of one 
atom to turn the axis of rotation of any other atom until their rotation 
axes are parallel, and that the amount of this turning moment is a single 
valued function of the angle between their axes, then it has been possible 
to show,' upon this hypothesis alone, that the condition that the sum of 
the turning moments of all other atoms in a cubic crystal acting upon 
any selected atom shall vanish and produce a stable position, leads to 
an arrangement of the directions of rotation axes of the atoms as de- 
scribed in several papers.” In every one of the crystals considered atoms 
of the same kind are always divided into four equal groups having their 
axes of rotation parallel to the four medial lines of a regular tetrahedron 
respectively. This is probably the only possible arrangement of these 
axes of rotation, although no formal proof of this has been given, and 
it has been obtained through an application of the principle of turning 
moments alone just mentioned to the known space-lattice formation of 
cubic crystals. Now, it happens, as we have shown in the previous 
paragraph, that this grouping of the axes will make the gravitational 
attraction between two crystals independent of the orientation of their 
axes. It is necessary to show that this is true of any gravitational theory, 
if it is to agree with the facts of observation.’ 

It may now be shown that we obtain the same space-average value, 34, 
for the bracket in (10), which makes it equivalent to (1), for all other 
kinds of matter by applying the theory of probabilities to the case. In 
general two pieces of matter, solids, liquids or gases will have at any 
given moment electrons whose orbits are turned in every possible direc- 
tion. If we think of the pole of the axis of the orbit as located some- 
where on the surface of a sphere surrounding the center of the orbit 
it is equally probable that the pole of the orbit will lie in any one unit 
area of this sphere as in any other unit area of the sphere. 

Let us imagine for simplicity that the first body, on which we are 
calculating the force, consists of but a single electron, ¢, in a stationary 
orbit, and that the orbit of e: is varied in position in all possible ways 

1 Phil. Mag., June, 1915, p. 766. 


2 Phil. Mag., Aug., 1915, p. 257; Puys. REv., Nov., 1917, p. 432. 
3 A.S. Mackenzie. See note, p. 458, loc. cit. 
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as described, with the single restriction that the distance, r, between 
the centers of the orbits shall be constant. We will first suppose the 
position of the center of the orbits e2 to be fixed relative to e;, and find 
the average force upon e; due to a uniform distribution of axes e: over 
the surface of the above-mentioned sphere, and then we will imagine 
the center of this group of orbits to be moved over the surface of a sphere 
with e; as center and radius, r. The bracket in (10) expanded is equiva- 
lent to , 

1 — X* sin? a + 2XZ sin a cos a — Z* cos’ a, (11) 


and we always have the following relation between the direction cosines, 
X+Y+27=1. (12) 


First, considering the center of the orbits, e2, as fixed in position, the 
quantities 7 and z or Z are fixed, but not x and y, or X and Y, due to the 
way in which the axes have been defined.!_ Let us now suppose that a 
is fixed, and that the pole of the orbit rotates around the elementary 
small circle of the sphere at a fixed latitude through an angle ¢, from 
zero to 27. It is easy to show from the definition of the axes that 


x = x X ’ 
(x2 + y?) 2 a (r? aa g?) 1/2 pam (1 atl Z?) 1/2" 





(13) 


cos ¢ = 


The value of the bracket (11) then becomes in terms of ¢ 


I — (1 — Z?) sin? a cos? ¢ + 2 sina cos a(I — Z?)'"Z cos @ 
—Zcos*a. (14) 


Regarding all quantities in this except ¢ as constant, we may obtain 
the average by integrating between zero and 27. The average of cos? ¢ 
is 4%, and of cos ¢ is zero between these limits, giving the result 


1 — KW(1 — Z’) sin?’ a — Z* cos? a, (15) 
which is equivalent to 
Ww(1 + Z*) + W(t — 32’) cos’ a. (16) 


We may next assume that Z remains fixed and average for a, thus 
obtaining the average over the first whole sphere. We again replace 
the cos? a by its average 14, giving 


Yat + 2?) + (1 — 32?) = 34 — 42. (17) 


1 Loc. cit. 
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Finally average for a change in Z between the limits zero and unity, 
as the center of the system of orbits, ¢, moves around the center of 
é; at the fixed radius, 7, from the equator to the pole. The average of 
Z* between these limits is 14, so that (17) becomes 


34 — qs = %. (18) 


This is the same value for the bracket in (10) as we obtained from a 
system of but four electrons above with axes parallel respectively to 
the medial lines of a regular tetrahedron, and, when substituted in (10), 
we obtain the same force equation (1) with which we started. The 
numeric 14 in this equation has now been accounted for from a con- 
sideration of all kinds of matter, solids, liquids, and gases, crystals 
included. 

The fact that the number of electrons in the hydrogen atom, , must 
be equal to 2 to make the numerical value of the Newtonian constant 
agree with the observed value is in good agreement with several other 
independent considerations respecting hydrogen which we will not digress 
here to discuss. - Furthermore, if the number of electrons in hydrogen 
is taken as unity the numerical value of the Newtonian constant according 
to (9) comes out 16 times smaller than the observed value, that is, it 
makes a considerable difference. This matter seems to clash with the 
Bohr theory of the atom, but it is submitted that the ideas of the Bohr 
theory can be adjusted equally well to a hydrogen atom having two 
electrons. One such adjustment may be seen from the following. 

By the use of the value of the velocity of the electron in a ring of elec- 
trons, as given in the second fundamental assumption above, (3), the 
kinetic energy of a whole ring of electrons is equal to 
, 7moe* 


W = Yopmet = pr (19) 
In the case of hydrogen, if we make p = 2, and equate this energy of the 
ring to iy, we have the radiation frequency in the fundamental case 
where 7 = I, corresponding to the most stable condition of the orbit, 
equal to 

2m?moe! 


Vv — 
h8 


(20) 

This is the same value of Rydberg’s constant as given by the Bohr 
theory, and represents the maximum radiation frequency obtainable for 
hydrogen. It corresponds to the energy radiated when a hydrogen atom 
is formed by the uniting of two negative electrons, starting at an infinite 
distance, to the hydrogen nucleus of two positive units. 
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The fact that the same expression for the velocity of the electron in 
rings leads both to an exact expression for the Newtonian constant and 
for an expression for the Rydberg constant in terms of the properties of 
the electrons themselves gives added strength to the assumptions which 
have been made in deriving these constants. 


CONCLUDING REMARKS. 


To set these results aside merely on the hypothesis that the two 
numerical constants, the Newtonian and the Rydberg constants, are 
entirely due to a chance coincidence of numerical values can hardly be 
entertained by serious thinkers. The results involve much more than 
this. If we admit that equation (10) represents the true gravitational 
force between two electrons in rings of electrons at a great distance from 
each other, it has been shown above that all of the features in the law 
of gravitation between two bodies of gross matter follow directly from 
this, when coupled with the supposed constitution of the atoms of 
matter, namely that the force is always an attraction, that it varies 
inversely as the square of the distance between centers, that it is inde- 
pendent of the orientation of the axes of crystals, and finally that it gives 
the true magnitude of the force within the errors of measurement of the 
physical constants involved. 

Independent of any considerations that have led to the obtaining of 
equation (10), and quite apart from all considerations of electromagnetic 
theory, this equation is of considerable interest because it gives a concise 
description of the gravitational laws, as being connected with the motion 
of the electrons in matter. The very great simplicity of Newton’s 
law of gravitation seems to demand a simple relation between the 
ultimate electrons of matter. This equation (10) satisfies this condition 
of simplicity, which is in its favor. Indeed it connects the gravitational 
law directly with the kinetic energy of motion of the electrons relative 
to the nucleus of the atom to which they are attached. 
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ON THE SUPPOSED GRAVITATIONAL ATTRACTION 
BETWEEN TWO REVOLVING ELECTRONS. 


By G. A. SCHOTT. 


1. In a recent paper! A. C. Crehore claims to have proved that two 
electrons, revolving with uniform velocities in circular orbits about 
positive centers, in addition to their electrostatic repulsion exert on each 
other a residual attraction, which varies inversely as the square of the 
distance between the two centers. For diamond he finds this residual 
attraction to be immensely greater than the gravitational attraction 
and hence concludes, quite legitimately if his result be correct, that the 
fundamental equations of the accepted Electron Theory require sub- 
stantial modification. It is obviously imperative that Crehore’s result 
be either verified or disproved. 

The residual attraction-is obtained from the electric force exerted on 
an electron (1) by an electron (2), the magnetic effect being omitted 
because it is smaller than the electric effect for low speed electrons, 
This is true when the comparison is made with the large electrostatic 
repulsion, but it cannot be assumed without question when the com- 
parison is made with the small residual attraction. Thus it is desirable 
to take the magnetic effect into account ab initio, although it will be 
found to be inappreciable on the average for an amorphous medium, 
but not necessarily so for a crystal; nor is the investigation rendered 
more complicated by doing so. A great simplification however is effected 
by omitting at the outset all terms which are of higher degree than the 
second in the inverse distance between the two centers, for such terms 
obviously cannot contribute to gravitational attraction. The following 
investigation is based on Crehore’s equations for the electric part of the 
mechanical force (loc. cit., pp. 453, 454), which have been verified, 
except some obvious misprints, e. g., @2 for a; in the last term of (49). 

2. The Mechanical Force between Two Moving Electrons.—The complete 
expression for the mechanical force is given by Crehore (equation (15), 
p. 448) in the usual form. We have also RH = R XE, so that 
R(q: X H) = qi X (R X E) = R(qi-E) — E(qi-R). Hence the total 
mechanical force F is found from the equation 


F/e; = E{1 — (qi-R)/cR} + R(q,-E)/cR. (1) 
1A. C. Crehore, Puys. REv., Sec. Ser., Vol. IX., p. 445, June, 1917. 
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Its component along the line of centers is given by 
(F-r)/re, = (E-r){1 — (qi-R)/cR}/r + (R-1)(qi-E)/Rre. (2) 


The components of the electric force E in the directions 7, j, k fixed in 
the orbit of the first electron are given by Crehore’s equations (48), 
(49) and (50), pp. 453 and 454. As we have already stated above we 
shall only retain terms of the orders r-! and r~*; in the latter we may 
replace R by 7, but we must keep R in the former as well as in the circular 
functions Cz; and Se. It will be convenient to replace the codrdinates 
(x, y, 3) by their values r(X, Y, Z) where X, Y, Z are the direction 
cosines of the line of centers referred to the axes of i, j, k fixed in the first 
orbit; we shall also introduce its direction cosines ¢, Y, ¢ relative to the 
axes of 2’, 7’, k’ fixed in the second orbit. Then we have 


§=Xcosa+Zsina, ¢ = Zcosa — X sina. (3) 


Rearranging the terms retained in Crehore’s equations more conveniently 
for our purpose we find 


(E-i)r?A3/e. 
= — X{1 — (CiCe + SS2 cos a) Be?ay/a2 + (ES: + YC2)B.?r*/Ra2} 
— cos a{Be(I — Bo?)C2 — Bo®Se[ES2 + YC. — 2(XSi + YCi)ai/az] 
+ B® Yr?/R?az — Bo? Sor 4/R%a5} + Si(ES2 + Y C2) Bo?a1/d2, (4) 
(E-j)r°A3/es 
= — V{1 — (CiCo + S,S2 cos a) Bo*a1;de + (ES2 + YC2)B*r4/R a2} 
+ Bo(I — Bo?) S2 + Bo? C2[ES2 + YC. — 2(XS; + YCi)ai/a2] 
+ B® Er?/ Rae + Bo? Cor4/ Rae + Ci(ES2 + YC2)B27a1/a2, (5) 
(E-k)r°A3/e 
= — Z{1 — (CyCo + SiS: cos a) B2*ai/d2 + (ES. + YC2)B.?rt/R ae} 
— sin a{Bo(I — Be”) C2, — Be Se[ES2 + VC. — 2(XS; + YCi)as/a2] 
+ Bo? Yr?/R°a. — Bo? Sor4/Rae}. (6) 


3. In order to find (E-r), which is 7 times the component of the electric 
force along the line of centers, we must multiply (4), (5), (6) by X, Y, Z 
respectively and add the products together. The large terms of order 
ra“! in the three equations cancel on account of (3), and we obtain 
the equation 


(E-r)rA*/es = — 1 + Bo(t — B2?)(VS2 — EC2) + B?(ES2 + VCs)? 
+ {CiC2 + S Se cosa — (XS; + YC;) (ES2 + YC.) } Bo?ay/de. (7) 


All large terms have cancelled out; in what remains we may put to a 
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first approximation, using Crehore’s equations (38), (39) and (43), 
A=I- (q2-R)/cR =f = Bo( Y Se —~ EC) = Ko. (8) 


To the same approximation we may put for the factor of (E-r)/r in (2), 
using Crehore’s equations (38), (39) and (42), 


I — (qi°R)/cR = 1 — B(YS; — XQ) = Ki. (9) 


To find the second term of (2) we multiply (4) by 6:Ci, (5) by — 6,51, 
in accordance with Crehore’s equation (42), and add, obtaining 


(qi: E)r°A3/ces 
= Bi( YS, ical XC; {I - (Ci C2 oe Si So cos a) Bo*a;/a2} 
— BiB2(1 — B”)(CiC2 cos a + S;S2) 
+ BiB2?(CiS2 cos a — S1C2){ ES. + YC. — 2(XS; + YCi)a;/a2} 
+ BiB2?{ C\S2 cos a — SiCo + (YS; — XC\)(¢S2 + YC.) }r4/R3a, isin 
bi 10 
— B:Bo*( YC, cos a + £5S))r3/Rae. 
The terms in the three first lines are small and only give rise to terms of 
order r~* in the force, so that here we may replace A by its approximate 
value K2 as above. 
The others, however, bracketed together, are large and give rise to 
terms of order r~'a.~! in the force, and therefore need special treatment. 
We must retain terms of order a;/r and a2/r both in A and R, and in the 


functions S, and C; of R; these are distinguished for the moment by a 
bar over them. We find from Crehore’s equations (38) and (39) 


R =r — (XS, + YC)ai + (tS: + YCr)a2 + p/2r, 
{r — (XS; + YC\)*}a,? + {1 — (ES. + YC.)?}a-? . (11) 


_- 2{CiC2 + Si Se cosa — (XS, a YC) (ESe + YC) } aide. 


p 


The term p/2r is clearly of the second order, but is required nevertheless 
as we shall see below. We may write to the first order 


R=r- (XS; + YCi)q + (ESe + YC2)ae, 
(So, Co) (sin, cos) [ wo(t a R/c) + 6], 


whence 


(Se, C2) = (Sa, Ce) + (— Ce, S2)B2(R — R)/ar. 
Substituting in the first equation (11) and using (8) we obtain 


R=R + p/2Kar, (Se, C2) = (So, C2) + (— Ca, S2)B2p/2Koeras. (12) 
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With the same notation we find by Crehore’s equation (43) and by (12) 
AR = R — (q-R)/c 
= Ker — {XS + YC, + Ba(SiCz cos a — CyS2)}ar 
+ (€S2 + YCx)a, + p/2r, 
where 
Kz = 1 — B2( YS: — £C2) = Kz + (€S2 + YC2)f2%p/2Karae. 


This is required to the first order for substitution in the last two lines of 
(10); bearing in mind that p is only of the second order we find to the 
first order 


AR = Kor —_ {XS, + YQ, a Bo(.SiC2 ces a> C,S2) } ay 
+ (ES. + YVC.)a2 + (ES2 + YVC2)Bo?p/2Ked2. 


From this equation together with (11) we find 


r/A*R8a, = r/K28a2 + 3{XSi + YC, + Bo(SiC2 cos a — CyS2) }a1/Kz4a2 

— 3(&S2 + YVC2)/Ke* — 3(&S2 + YC2)B*[{1 — (XSi + YC)*}a;? 

+ {1 — (€S, + YC2)*}a.2 — 2{CiC. + SiS: cos a 

— (XSi + YCi)(€S2 + VC2)} aya2]/2Ks'a2’, (13) 
r3)A%Rag = = 1/K28a2 — (XS, + YCy)ai/Ke*a2 + (S2 + VC2)/K2® 

+ 3{XSi + YC: + Be(SiC2 cos a — CyS2)}a;/Ketae 

— 3(€S2 + YC2)/Ke* — 3(&S2 + YC:)B2[{1 — (XSi + YCi)*} a? 

+ {1 — (Se + YC2)?} ao? — 2{CiC. + SiS: cos @ 

— (XS; + YC) (ES2 + YC2) } aya2]/2Ke*ae. (14) 


Lastly we find to the same order by means of (11) and (12) 


C,S2 cosa — S,C2 + (YS; — XC,)(¢S2 + YC2) = C,S2 cosa — SiC2 
+ (YS; — XC,)(€S2 + YCx) — {CiC2 cos a + SySe 
— (YS, — XC))(VS2 — £C2)} Bol {1 — (XS, + YC)2}a2 
+ {1 — (ES; + YC.)*} ae? — 2{CiC2 + S,S2 cosa 
— (XS; + YC) (ES2 + YC2)}aya2]/2Korae. (15) 


Substituting from (7), (9), (10) and (12) in (2) and using (8) in the small 
terms and (13), (14) and (15) in the large ones we obtain the final expres- 
sion for the mechanical force between the two electrons. From Crehore’s 
equation (38) and our equation (11) we see that (R-r) and — Rr differ 
only by a quantity of the second order, so that to our approximation the 
factor of (qi-E)/c may be put equal to negative unity. In this way we 
find after some rearrangement 
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(F ‘T)r/e1€2 _ — K,/K?+ (ES2+ Y C2)? Ki/Ke* 7 ( YS one £C2)B2°K,/K2* 


+ {CiC2 + S,S2 cos a q 
— (XSi + YC:)(S2 + YVC2)}Bo2Kiai/K28a2 | 
+ [{2(C,S2 cosa — Si C2) + 


— Bx YC, cos a + &S;)} (XS, + YC) 
+ (GiC2 + S,S2 cos a)( VS, — XC,)]B1822a;/K23a, 
— [3{XS; + YC, + Be(SiC2 cos a — CyS2} { CyS2 cos a 
— SiC, — Bo( YC, cos a + ES)) 
+ (YS; — XC) (ES: + YC2)} 
> + Pe{ GC, cos a + SiS, — (YS; — XCy)(VS2 — &C2)}. 
{CiC2 + SiS: cos a . 
— (XS, + YC) (&S2 + YC2)}]B1622a1/Ke‘a, 
— 3{GS2 cos a — S,C2 + (YS; — XC) (ES: + VC2) 
— 6B YC cos a + £S))}. 


(16) 


ae 


{CiC2 + Si Se COS @ 
— (XS; + YC\)(ES: + YVC2)} (ES: + VCs) B:Botay)Keae / 





<—_ [YS, ad XC; — Be(I mead Be) (Ci C2 COS @ 5S, Se) ) 
+ Bo? { Cy.Se cosa=—- SiC2 
— B2( YC, cos a + &Si)}(ES2 + YC2)]B:/Ke* 


+ 3[C,S2 cosa — SiCe 
+ (YS, — XCi)(ES2 + YC.) 


— Bo( YC, cos a + £5;)](ES2 + YC2)6i8?/Ko' 
+ [{1 — (XS, + YC))*}a2 + {1 — (52 + YG)*}a2]{GQG 
cos a + S,S2 — (YS; — XCy)-(VS_ — €C2)} Bi 6o3/2Ko4a:? 
+ 3[C:S2 cos a — SiC. + (YS; — XC,)(£S2 + YCo) 
— Bo YC; cos a + €S,)][{1 — (XS; + YC,)2}a;2 
+ {1 — (ES: + YC2)*}a2](¢S2 + YVC2)B:Bot/2K2*ay 
— [CiSz cosa — SiC2 + (YS; — XCy)(£S2 + YQ) 
— Bo( YC; cos a + £S;)]6io"r/K25a. J 





This equation affords the material for the remainder of the present 
investigation. It consists of three groups of terms shown bracketed 
together; the first three lines include the electric force terms used by 
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Crehore, together with certain of the magnetic force terms, which are 
characterized by the presence of the speed #; as a factor occurring in 
the quantity K, defined by (9). The second group of thirteen lines consists 
of magnetic force terms of the second degree in the circular functions 
Si, Ci, which have the frequency w:, being defined by Crehore’s equations 
(31); these are accompanied by the circular functions Se, C2, of frequency 
we, defined by Crehore’s equations (32). The third group of thirteen lines 
consists of similar functions, but of the first and third degrees in Si, 
C,, and in the last two lines of all they include large terms of the order 
r/d2, all the rest being small. 

We shall begin by following Crehore’s procedure, checking his result 
and examining his assumptions critically, with a view to explaining his 
anomalous conclusions. On the basis of this critique we shall then 
formulate a more correct procedure. 

4. Crehore’s Process of Time Averaging.—Taking only the terms in 
the first three lines of (16) we put 8; equal to zero and K, equal to unity; 
this amounts to omitting all magnetic force terms, a procedure adopted 
by Crehore for the sake of simplicity, but one which requires justification. 
Moreover Crehore puts the quantity K2 also equal to unity, on the ground 
that the speed £2 is small, and takes the time averages of S;, Ci, S2, C2 
and of their products equal to zero, and those of their squares equal to 
one half. On these assumptions we obtain at once 


(F-r)r/ee: = —1 + 3(2 + Y2)B2 = —1+4(1 — £62 (17) 


The bar over the symbols denotes time average as always hereafter in 
this paper. The first term, — 1, gives the electrostatic force, the second 
the residual attraction according to Crehore, in full agreement with his 
equation (54), p. 456, as we see from our equation (3). 

5. In examining this procedure closely we notice'that the deliberate 
neglect of the magnetic force terms is of doubtful validity, because, 
although the speeds #; and #2 are actually small quantities, and therefore 
the magnetic force terms in (16) are small compared with some at any 
rate of the electric force terms in the same equation, they may never- 
theless not be small compared with the residual attraction in (17), 
which is itself small. This applies more especially to the terms in the 
last line of (16), for they have the large factor r/a2,and accordingly 
require particular attention. 

A more serious objection may be urged against Crehore’s procedure of 
putting the quantity K2 equal to unity on account of the smallness of Be. 
In fact small quantities of the order #2 are retained in forming the 
residual attraction, and we shall see below that the terms omitted in 
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consequence of this procedure actually suffice to cancel the supposed 
residual attraction. 

Lastly the method of finding time averages is not rigorous. It is 
indeed allowable to put the time averages of S;, C; equal to zero, for 
these latter are true circular functions of the time ¢, as we see from Cre- 
hore’s equation (31). But the same thing is not true of S2, C2, for we 
see from Crehore’s equations (32) and (39), that their argument involves 
the distance R, which is itself a function of S;, Ci, S2, C2. It is not even 
a periodic function of the time ¢, unless the angular velocities w:, we 
happen to be commensurable; this Crehore expressly supposes not to be 
the case, for it is difficult to see how so special an assumption could 
be of use in explaining so universal a phenomenon as gravitation. 

Thus a correct procedure must not only take this fact into account, 
but must also retain the factors K,, Ke in (16) and include the magnetic 
force terms in its purview. It may however be stated at once that the 
third group of terms in (16), including the large terms in the last line, 
will disappear from the time average, owing to their being of odd degree 
in S;, Ci, and in consequence of the assumed incommensurability of the 
angular velocities 1, we. 

In order to complete the determination of the average force between 
the two kinds of electrons we must average the result obtained for all 
orientations of the two orbits with respect to the line of centers. 

6. Correct Procedure of Averaging.—A correct procedure must be based 
upon Crehore’s equations (31), (32) and our equation (11), which may 
be written to the first order 


(Si, Ci) os (sin, cos) [wt a 6], (Se, C2) = (sin, cos) [ wo(t —_ R/c) a 62, 
R=r- (XS; a YC\)q -~ (ESe a YC2)de. 
When the values of S;, Ci, Se, C2 are substituted in the last equation, it 


becomes analogous to the well-known planetary equation of Bessel, a 
fact which suggests the following convenient substitutions: 


tr =t—rl[o+ {0 + tan(Y/t) + r}/w2 — & sin o/w, (18) 
o = wt + 6, + tan 7(Y/X) + cz, (19) 
WV = w(t — R/c) + 6. + tan“(Y/t) + =z, (20) 
6 = r/c — {0 + tan"(Y/E) + 2} /wo + {0, + tan—"'(Y/X) + w}/o, (21) 
a=—i Vv (X°+ Y*?), e=h v (& + Y*), (22) 


where 6; = a/c, Bz = dew2/c as before. These equations give 


XS; + YC, 
ES. + YC, 


= sin ¢/B1, YS; -_ XC; 
—esin ¥/B,, YS:— éCz 


€, cos $/f1, (23) 
€ cos W/Bo. (24) 
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Substituting from these equations in the expression given above for R 
we obtain 
R=r+a sin $-4;/B; — e sin Y-d2/Po. (25) 


Eliminating ¢ between (18) and (19) and using (21) we obtain 
@— «4 sin d = w:(7 + 5). (26) 
From (9), (23) and (26) we find 
K, = I — «cos ae w07/d¢, (27) 


where the differential coefficient is partial, « being kept constant. 
Again, eliminating ¢ and R between (18), (20) and (25) we obtain 


¥—esin Wy = wor. (28) 
Lastly we find from (8), (24) and (28) 
Ke = 1 —e cosy = w07/dy, (29) 


where the differential coefficient is again partial, but with e kept 
constant. 

These expressions must be used in (16), and the result averaged over 
an interval of time which is very long compared with each of the two 
periods 27/w:, 27/w2; this is necessary on account of the incommen- 
surability of the periods. We must multiply by dt/T, or more conven- 
iently by dr/T-K,, and integrate with respect to 7 from o to T, where T 
is very large compared with 27/w; and 27/we. The integrand must be 
expressed as the sum of a number of products, whose factors are series 
of sines and cosines of integral multiples of the respective arguments 
wi(r + 5), wer; this can be effected by means of (23) and (24), combined 
with (26)-(29), which latter are of the form of the planetary equation 
of Bessel and lead to series of Bessel Functions. Since w; and we are 
assumed to be incommensurable, the only terms contributing to the time 
average are products of factors, all of which possess a constant term; 
all terms involving series without a constant term as factors may be 
omitted altogether. 

For the sake of brevity we shall use the symbols S and C in place of 
sin and cos respectively. 

7. The Electric Force Terms.—For the sake of comparison with Cre- 
hore’s result we shall commence by considering the electric force terms, 
which consist of the first group in (16), but we shall retain the factor Ki, 
because this facilitates the calculation without making any serious 
difference to the argument. 

















ae am. GRAVITATIONAL ATTRACTION. 31 


By means of (18)—(24) we obtain 


(F-r)r/eeo = — Ky Ke + Sy: €:Ki/Ko® — Cy: Be? Ki/K:2' 

+ {Z(XCo + VSo)Cy — (YCo 

— XS¢)S} Sa B:B2*Kya;) € Ka; + {(CaCoCy 

+ SoSyp) po? — SPS} Bre Kidi/BieeK2*de. (30) 
When we multiply by dz/TK,, the factor K, cancels out, producing the 
simplification alluded to above. We begin with the first line, from 


which ¢ has disappeared entirely with the cancelling out of Ki; from (28) 
and (29) we find the well-known Bessel Function expansion 


1/Ke = 1/11 — eCy) =1+2 > Ji(kee) cos ka»r. (31) 
1 


with respect to e, keeping 7 constant and treating y as a function 
of « as well as of 7. Then dy/de = sin ¥/Ke, by (28), and we find 


Multiply this equation by e« and differentiate the product partially 


9) 


1/K.? -_ Sy: e?/Ke8 =1+2 > { J (Ree) + keeJ ;,' (Ree) } cos kwer. (32) 


1 
We may also write 


Cy/Ke® = e/(1 — &?)3 + 2) Ax cos kunt. (33) 

1 
The constant is easily verified by means of (29), whilst the values of 
the coefficients A; are not required for our purpose. When we sub- 


stitute from (32) and (33) in the first line of (30) and average with respect 
to the time, all terms disappear except the constants, and we find 


(F-r)r/eveo = — 1 — Bo%e?/(1 — @”)*. (34) 


This expression gives the complete value of the right-hand member of 
(30) when averaged, for the last three lines in every term involve either 
S¢ or Co asa factor. But we find in the usual way from (26) 


So =2 > (ke:) J x(ke:) sin kan (7 + 8), (35) 


Co = 2 kJ (ke:) cos Ro (7 + 8). (36) 
1 


These series have no constant term and therefore contribute nothing to 
the time average, so that (34) really gives the complete expression 
required. 
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Comparing (34) with (17) we see that Crehore’s residual attraction has 
completely disappeared and been replaced by an additional small repul- 
sion. This result is true to every order of 6; and Be, and not merely 
approximately. On examining the process in detail we see that the 
inverse powers of Ke, which occur in (32) and (33), on expansion give 
terms involving «?C?y, and these on averaging not only annul Crehore’s 
residual attraction, but give in addition the lowest terms in the repulsion. 

8. The Magnetic Force Terms.—We must now complete our result 
by taking into account the magnetic force terms consisting of the last 
two groups in (16). They differ from the first group by the absence 
of the factor K; in the numerators, and the consequent appearance 
in the process of averaging of this factor in all the denominators, in 
addition to the powers of Ke already present. We may dispose of the 
third group of terms at once, for, as we have seen above, they are of 
odd degree in S¢ and C¢, the highest power being the third. It follows 
that each term of the third group involves one or other of the four 
factors (S¢, Cd, S3¢, C3¢)/K:. But we easily deduce the following 
expansions from (26) and (27) 


Sid/K, = Sid/(1 — aC¢) 

= 2 {Saslbe) — Sass(be)} sin kex(r + 8), (37) 
Cid/Ky = Cid/(1 — C8) 

= © (Taslhe) + Jass(bed)} cos ken(r + 8). (38) 


Neither series has a constant term and therefore contributes nothing 
to the time average. Thus all the terms of the third group disappear 
on averaging, confirming what was said above. 

Turning now to the second group of terms in (16), which are all of the 
second degree in S¢, Cd, we see that each term involves one or other of 
the three factors (1, S2¢, C2¢)/Ki, of which the last two vanish on 
averaging on account of (37) and (38). The first factor only arises from 
the two square factors (S*¢, C?¢)/Ki, so that all terms of the second 
group may be neglected except those which contain these two factors. 
From (26) and (27) we obtain the expansion 


1/K; = 1/(1 — aC¢) =1 +2 2, Ja(ke) coskw(7 + 6) (39) 


analogous to (31). Hence we see that the two square factors (4, 
C?)/Ki may be replaced by 1/2, and the remaining quadratic factor 
S¢Cq/K, by 0, wherever these factors occur in (16). 
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Again, an examination of the second group of (16) shows that each 
term involves one of the factors (1, Sy, Cy)/K2', (1, Sy, Cy, Sy, SYCy, 
C*y)/Ke* and (S*y, SyCy, C*y, Sty, SyCy, SyC*y, C*y)/Ke*. The 
factors, which involve odd powers of Sy, being odd functions of y, 
can be expanded in series of sines of multiples of wr without a constant 
term and may therefore be replaced by 0. The remaining factors are 
even functions of ¥ and can be expanded in series of cosines of multiples of 
wt. Their constant term must be determined, but their other coeffi- 
cients are not required for our purpose. In order to find the constant 
term of any factor we must multiply it by wed7/2z and integrate over the 
period 27/we, or, what amounts to the same thing and is more convenient, 
we may multiply it by Kedy/x and integrate from 0 to 7. Owing to 
the presence of powers of Ke in the denominators it is best to change 
the variable from y to another quantity x which is defined by the 
transformation 


Ke =tI- eCy 
Cy/Ke 


(1 — &*)/(1 +eCx), dypKe 
(ee + Cx)/(I — &”), Sy/Ke 


dx/ v(1 el €”), 
Sx; V(1 — &?). 


On evaluating the integrals thus obtained we easily find the following 
values for the constant terms of the factors indicated: 


(1, Cy)/K2* — (I, €2)/(1 _ €:7)3/2, ) 
(1, Cy, Sy, C*p)/Keot = (2 + &?, 3e, I — e2, I + 2€7)/2(1 — e)>”, 
(Sy, Cy, SyYCyY, C3y)/Ke® 


= (I — &, I + geo”, € — €23, 3€2 + 2€0%)/2(1 — &”)?”. J 


r (40) 





We may sum up the results of this section briefly as follows: 

(1) Any term of (16), which is of odd degree in S¢, Cd, separately, 
whatever factors involving y it may have, vanishes on averaging and 
may be omitted. Thus we may omit the whole of the third group. 

(2) The square terms S*¢, C?¢ may be replaced by 1/2. 

(3) All factors of odd degree in Sy vanish on averaging, and corre- 
sponding terms of the second group of (16) may be omitted. 

(4) All other factors involving y, whatever their degree in Cy, remain 
and may be replaced by their constant terms given by (40). 

g. In order to shorten the formule as much as possible we shall find 
it convenient to express the seven quantities X, Y, Z, &, £, cosa, sina 
in terms of three of them by means of equations (3) and the usual relations 
between three direction cosines, choosing for this purpose Z, ¢ and cos a. 
Nevertheless we shall use the symbols X, Y, &, wherever it conduces to 
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brevity to do so. We write 


= cosa,vy =sina = V(1 — w*),> = V¥(X?+ Y?) = v(1 -— 2), 
o= vV(%+ ¥*) = vii — $s). (41) 


Hence we obtain by means of (3) 
WX =Zu—f, ve=Z—tu, vY = V(X — 22-2 + 2Ztu). (42) 
Also we find using (41) in (22), (23) and (24) 


é. = Biv (1 — Z’) = Bid, & = Bev (1 — £°) =fxo, 
XS, + YC; = — YS¢, YS; — XC, = =C¢q, 
ES. + YC, = — oSy, YS. — EC, = Cy, TS, = YCo — XS, 
SC, = — XCb — YS, oS,= VCY—ESH, oC, = — ECY — YS. | 


- (43) 





For the purpose of the substitutions to be made in (16) the following 
expressions will be needed, which can be deduced from (3), (25), (26) 
and (27) by means of (41), (42) and (43). 


Cia + SS: cosa © [pe — ZHCH — YreSeiCo 
+ {V¥ZvCy + (2? + ¢Xv)Sy}S¢]/Zeo, 
C,:C2 cos a + SiS. = [{(2? + ¢Xv)Cy — VZvSy}Co 
+ {Y¥svCy + (u — 25) SY} So]/Zo, 
CiS2 cos a — S;C2 = [{(22 — VZv)Cy + ¢XvSy} Co > (44) 
+ {ZXvCy — (ud? — Vor) Sp} So]/zZo, 
SiC. cos a — CS. = [— {VovCy + (u — Zg)Sy}Co 
+ {(2? + ¢Xv)Cy — VZvSy}S¢]/Zo, 
YC, cosa+ é&S; = [YZvCo — (uw — Z£)S¢]/z. j 





10. Taking first the terms of the second group of (16) which involve 
K.~* and omitting at once all the terms which vanish owing to the presence 
of one or more of the quantities S¢, Cd or Sy, we find for the others 
[— 2ZXvCypS?d/o — Bolu — 25) + (u — Z6)CYC*d/o)]81827a1/Ko5ae. 
Using rule (2), § 8, the first row of (40), and (43) we obtain for the time 
average of these terms 


— ZX vBiB2*a;/a2(1 — «?)3/”. (45) 


Taking next the terms involving K.~‘ and omitting vanishing terms as 
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before we find for the others 


[3ZXvCyS*o/o + 3B2(u — Z5)(So — SYyC?¢) 
— 3B? { VZevrCyC2d + (2? + fXv)(u — ZE)CYS*o}/2’o 
+ 3Be[{ Yov(=? — VZv)C*p + (u — Zg)eXvSy} Co 
— {(22? + EXv)ZXvC*y + VZy(udr? — Ver) Sy} S*¢]/ 2%? 
— Bol{(2? + fXv)(u — ZOH)CY + VYZevrSy} Co 
+ {V°ZgrC*y + (wu — Zh) (=? + $Xv) Sy} Se]/2*o? 
+ Bo(u — Zf)(SYySo + C*~C?¢) |B:B2*ai/Ko'ae. 
Using rule (2), § 8, the second row of (40), and (43) we obtain for the time 
average of these terms 
[pZXv + 3(u — ZS)(1 + 262”) — OBo*{ V°Zev? + (2? + ¢Xv)(u — Zf)}/z? 
+ 3[{ Yev(s* — YZv) — (2? + EX v)ZXv} (1 + 2e?) 
+ {(u — ZO)EXv — VZv(ur? — Vev)}(1 — &*)]/2%o? 
— {(38 + §Xv)(u — Ze) + VZv| (2 + e?)/3%02 
+ (u — Z5)(2 + e*) |BiB25a1/4a2(1 — «)>/”, 
By means of (41), (42) and (43) this reduces to 


[3u(3Z? + 1 — e@) — 7Z5(2 +e?) + 3G? { (26 + Zu) VY — (¢ + 2Zy)E}y 
" = 3X(Y + &)r?/(1 — §*)]BiB2%ai/4a2(1 — «)®. (46) 


Lastly, the terms of the second group which involve K.~*, when vanish- 
ing terms are omitted as before, may be written in the form 


3l{(2 — YZv)Cy + ({Xv — S%)Sy — eYZv}Co 
+ {ZXvCy — (ud* — Ver) Sy + e(u — Zf)} So]. 
[{(u — Zg)Cy — VevSyj}Ce 
+ {YVZvCy + (2? + (Xv — Yo") SY} So] SW- BiBe4a;/K2*a2d2e. 


Omitting vanishing terms, such as those’involving S¢@C¢ and those 
which are of odd degree in Sy, using rule (2), § 8, the third row of (40), 
and (43) we obtain for the time average 
3[(u — Z¢)(¢Xv — B*e%) — Veo(S* — VZv) + Zw 

— YZv(ue? — VYev) + (22? + EXv — Y%o?)ZXv 

+ (2? + (Xv — 2o*)(u — 25) ]B1B2%a1/4=%a2(1 — &*)>”. 
By means of (41), (42) and (43) this reduces to 


3[13Zgo? + Zor + wZ?*? — we — (§ + Zu) Vv)6iB25ai/4a2(1 — «)®?. (47) 
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Collecting the results given in (45), (46) and (47) together and reducing 
them by means of (42) and (43) we obtain finally for the time average of 
the magnetic force terms of (16) 


(F-r)r/evee = {225 + u(6 — Z?)}BiB2%a1/4a0(1 — &*)3? 
— 3{4Z5 + w(t — 22?) — B2(¢ Vv — Zyér) 
+ X(Y + &)v?/(1 — §)} -BiBe5a1/4ae(1 — &:*)*?. (48) 


This equation, together with equation (34) for the time average of the 
electric force terms, gives the complete expression for the time average 
of the repulsion exerted by the second electron on the first in the direction 
of the line of centers of their orbits, so far as the inverse square terms are 
concerned, and that to every order of the two speeds #; and fp. It 
remains to find its average value for all orientations of the axes of the 
two orbits. 

11. Average Value of the Force for All Orientations.—In order to find 
this average value we must make some assumption as to the probability 
of the directions of the axes of the orbits. This depends on the directive 
force exerted on any one orbit by the electromagnetic fields of all suffi- 
ciently near atoms, but without a knowledge of the distribution and 
orientation of these atoms the directive force cannot be determined. 
The problem is the same as that which occurs in the determination of 
the direction of the axis of one magnet of a complex of elementary magnets 
constituting a natural magnetic body, and a complete solution has not 
yet been found. Under these circumstances we shall assume that all 
directions of the axis of the orbit of each electron are equally probable. 

The error made on the average with this assumption is in any case 
unlikely to be serious for any natural body owing to the large number of 
electrons concerned (crystals?). 

We shall take the line of centers as the polar axis from which the 
direction cosines Z and ¢ are estimated, and shall denote the azimuths 
of the axes of the two orbits by #, W respectively. Using (41) and (42) 
we obtain - 


Zé + ro cos (6 — W), vY = Xo sin (® — W), ) 


BL 
vX = L{Zo cos (@ — VW) —¢E}, vi = a {Zo — 2 cos (@ — ¥)}.) (49) 


In order to average any expression for all orientations of the axes of the 
two orbits, in accordance with our assumption of equal probability of 
all directions, we must multiply it by dZd¢d@dW/167? and integrate 
with respect to @ and W from 0 to 2z and with respect to Z and ¢ from 
— 1 tol respectively. 
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We shall find it convenient to begin with the magnetic force terms 
given by (48), for these all disappear on averaging. The terms involving 
Yv obviously: do so on account of the presence of the vanishing factor 
sin (6 — WV); those involving X, — and yw reduce to terms which are of 
odd degree in Z and ¢ separately, on account of the presence of the 
quantity cos (@ — W). This is multiplied by odd functions of Z and ¢, 
wherever it occurs squared, and it vanishes on averaging where it occurs 
in the first degree, as we see from (49). All the terms independent of 
® and W are of odd degree in Z and ¢ separately, so that after integration 
with respect to and W (48) becomes a function of this same type. But 
a function of this type obviously vanishes when integrated with respect 
to Z and ¢ between the limits + 1. Thus the result follows. 

Turning now to the electric force terms given by (34), the calculation 
is much simplified by the fact that the second term on the right, which 
obviously alone requires any calculation, does not involve ®, VW or Z, 
but only ¢ implicitly through the quantity €, determined by (43). In 
order to evaluate the integral with respect to ¢ we write 


Boe = Vv (1 — B2")-sinh u, whence y (I — &?) = y(I — Bs?)-cosh wu. 


Then we find for the average value of €?/(1 — «”)3/? 


' I I I + Be 
62 / — g-)3/2 = — — . 
i a oe em 





Hence we obtain finally for the average repulsion along the line of 
centers exerted by the second electron on the first 


— €1€2 of _* 7 I I + Bs 
(F-r)/r=——, { + Be (. Be 36, 8; te) . (50) 





It is to be borne in mind that this expression rests on the assumption 
that the two periods of revolution are incommensurable. Hence we 
cannot generally assume that the two speeds are the same, so that we 
must not put #; equal to Be. Consequently the repulsion exerted by the 
first electron on the second, which differs from (50) by having f; in 
place of fe, is different from that exerted by the second on the first, and 
the Law of Action and Reaction does not hold, except to a first approxi- 
mation. From a theoretical point of view this may no doubt be urged 
as an objection to (50) and to the Lorentz-Larmor equations on which 
it is founded, and used as an argument for modifying them in some 
such sense as that suggested by Crehore. From an experimental point 
of view however the deviation is probably not of much moment, for it 
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is easily seen by expanding the function of 62 in (50) that the first power 
which occurs is the fourth, so that, if 8. be as large as .o1, the relative 
deviation is less than one hundred-millionth. For this reason I shall 
not pursue the matter further here. 

12. Summary.—The conclusions of this investigation may be thus 
summarized: 

(1) The residual attraction found by Crehore to exist between two 
electrons describing circular orbits with uniform speeds, but incom- 
mensurable periods, arises from a faulty process of averaging. 

(2) When a correct process of averaging is employed, it is replaced by 
a small residual repulsion, which violates the Law of Action and Reaction, 
but is not likely ever to be detected by experiment. 

(3) The argument based by Crehore on the discrepancy in order of 
magnitude between his residual attraction and the attraction of gravita- 
tion against the correctness of the fundamental equations of the Electron 
Theory fails, but is replaced by a much weaker argument which may 
be based on the theoretical violation of the Law of Action and Reaction 
by the residual repulsion. 


UNIVERSITY COLLEGE OF WALES, ABERYSTWYTH, ENGLAND, 
December 29, 1917. 
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REMARKS ON A PAPER! BY ARTHUR H. COMPTON EN- 
TITLED: “NOTE ON THE GRATING SPACE OF CALCITE 
AND THE X-RAY SPECTRUM OF GALLIUM.” 


By H. S. UHLER. 


i. the note by Compton the following sentence may be found on page 

432, June, 1918: “The wave-lengths of the characteristic X-rays 
from gallium given by Uhler and Cooksey require revision because of this 
error in their determination of the grating space of calcite.’’ Since this 
statement is made without any qualification, and as the general scientific 
reader may infer from Compton’s criticisms that our data were carelessly 
treated, I feel obliged to say a few words to emphasize some points in 
our paper which have been completely ignored in the note under con- 
sideration. Even under these circumstances I should undertake the 
writing of a supplementary paper with great reluctance were it not for 
the fact that I hope to make a few comments and suggestions which 
may be helpful in the future study of X-ray wave-lengths. 

The following sentences are quoted from our original paper.? “Since 
the problem which we had set for ourselves was to determine the glancing 
angles with respect to calcite, we considered the very accurate deter- 
mination of the ratio of the grating space of calcite to that of rock salt 
to be an entirely independent question. In other words, the rock salt 
was employed because a sufficiently satisfactory reduction factor, if 
present in the literature of the subject, has escaped our notice, and it 
was desirable to obtain wave-lengths on the same basis as the tables of 
Siegbahn and others.’’ These sentences were intended to convey the 
idea that we were not laying stress either on the absolute numerical 
values of the wave-lengths or on the grating space of calcite in terms of 
the centimeter as unit. The only object in calculating the wave-lengths 
in terms of 2.814 X 107-8 cm. for rock salt was to make possible a fair 
comparison with the surrounding data of Siegbahn’s tables. Emphasis 
was laid only on the relative values of the wave-lengths as is shown by 
the fact that the word relative is printed in italics on page 651, line 6. 
Even then we began the next sentence with the words “Be this as it may, 

. .”’ toimply that there may exist some unknown source of error which 


1 PHYSICAL REVIEW, II, p. 430, June, 1918. 
2 PHYSICAL REVIEW, 10, 649, 1917. 
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might invalidate the preceding optimistic remark. As far as I can see, 
no error of this kind is pointed out in Compton’s note. That we were 
not claiming special accuracy for our value of the grating space of calcite 
(on the basis of 2.814 X 1078 for rock salt) is made clear by the term 
‘preliminary value”’ used in our summary. 

The next topic for consideration is the ratio of the grating space of 
calcite to that of rock salt. In the first place, attention may be called 
to the fact that, although Compton seems to take exception to an isolated 
portion of our second sentence (quoted above), he does not give a numer- 
ical value for the ratio in question. He presents instead a well-known 
algebraic formula ‘(3)’’ for the reduction factor. If we could have 
obtained full information concerning the experimental history of both 
the numbers 3.028 X 107-8 and 2.814 X 1078 (for calcite and rock salt, 
respectively) the problem of determining their ratio experimentally and 
independently of any earlier published work might not have arisen. It 
would have been sufficient to calculate the wave-lengths directly from 
3.028 X 10-8 cm., as Compton has done in the last part of his note. 
Since, as will be pointed out in detail later, certain reasons occurred to us 
which seemed to throw doubt on the accuracy of one or both of the 
grating spaces given above, and as we were primarily interested in com- 
puting wave-lengths on the basis of 2.814 X 10-§cm. (no matter whether 
this number is correct or incorrect) it seemed better to determine the 
relative grating space of calcite experimentally by using the same char- 
acteristic radiations with crystals of the two kinds and then employing 
the relation d, = 2.814 X 1078 sin @2/sin 6;. The assumption that pure 
crystals of the same kind, from various sources and used by different 
investigators, have the same grating space (at the same pressure and 
temperature) underlies formula (3) [of Compton’s note] as well as the 
experimental method just outlined. 

In Science Abstracts' it is stated that E. Wagner has verified Moseley’s 
value 2.814 X 107-* cm. for rock salt. The reference given is ‘Ann. d. 
Physik, 49, 6, pp. 625-647, May 5, 1916.’’ Since this Heft of the Annalen 
has never reached-us, we were unable to read Wagner’s original paper and 
thus to form an independent estimate of the trustworthiness of the 
datum 2.814 X 10-8cm. Accordingly if this number happens to involve 
an appreciable error, the reduction of calcite glancing angles to wave- 
lengths by using d; = 3.028 X 10-§ cm. (assuming, for the time being, 
that this value is correct to three decimal places) would not enable 
satisfactory comparison with Siegbahn’s tables to be made. 

Attention will now be directed to Compton’s value and direct calcula- 


1No. 225, Sept. 28, 1916, p. 392. 




















haga GRATING SPACE OF CALCITE. 4! 


tion of the grating space of calcite. The last two sentences in his note 
are: ‘“‘The probable error in the wave-length is estimated by Uhler and 
Cooksey on the basis of their probable error in measuring the angle. 
It should be noted that a much larger error in the wave-length is intro- 
duced by the uncertainty of the grating space.” These statements 
pertain to absolute and not to relative wave-lengths, and they suggest 
that the same test be applied to the probable error + 0.0010 X 10-8 cm. 
given by Compton for his value of d;. The theoretical formula 


=| a | (1) 
2piN$(6:) 

involves the errors pertaining to Mj, p:, and ¢(,) as well as the error in 
the value of N. The last named uncertainty is the only one that was 
taken into account in computing + 0.0010 X 10-§ cm. The molecular 
weight of calcium carbonate, M,, has been decreased from 100.09 to 
100.075 in the last few years. Since the probable error in M, is 
supposedly small and as I have no data at hand for estimating its value, 
I am forced to omit it from the numerical calculations. Nevertheless 
the existence of this error must not be overlooked. 

In an earlier article!’ by Compton may be found: ‘The density of 
the crystal used was carefully determined, and was found to be 
p = 2.7116 + 0.0004 g. cm.~* (at 18°).’’ Apparently only one crystal 
was studied. Since the standard reference books on mineralogy and 
crystallography agree in giving the density as 2.714 gram/cm.’ (at about 
18° C.) for pure native crystals and in stating that Iceland spar is some- 
times (or even frequently) contaminated with impurities, affected by 
microscopic cavities, etc., the question arises as to whether the density 
obtained by ordinary hydrostatic weighing gives the exact value to be 
substituted for p; in equation (1). Furthermore, the following question 
also suggests itself: Does the lack of visible color afford a sufficient 
criterion for the purity of a given specimen of calcite? In other words, 
may there not be inclusions of material which would appreciably modify 
the density of a crystal but which would only show color in the ultra- 
violet region of the spectrum? Accordingly it seems to me that a 
special study of a fairly large number of apparently pure and perfect 
(free from local twinning) crystals needs to be made, using the same source 
of characteristic X-rays, in order to establish the practical validity of 
formula (1) and to show that there exists a one-to-one correspondence 
between the effective grating space and the mean density of the crystal. 


1 PHYSICAL REVIEW, 7, 655, 1916. 
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Equation (1) also involves the function 


(1 + cos f;)? 
(1 + 2 cos B;) sin B, ° 





$(6:) = 


The degree of precision of the angle 6; may be readily overestimated. 
With the kind help of a colleague, who has made many investigations 
in crystallography and who has attained no little prominence in this 
subject, I have been able to ascertain the following facts. The value of 
the face angle 6; is computed by spherical trigonometry from certain 
interior acute angles of the crystal. These interior angles are obtained 
by means of light ‘signals,’ a process which admits of an uncertainty 
of + 5’ for a single determination. For this reason accepted values of 
angles have to be obtained from measurements made on a large number 
of selected specimens of the same kind. This matter is brought out very 
clearly by the table on page 381 of ‘Crystallography and Practical 
Crystal Measurement,” by A. E. H. Tutton. The angular limits vary 
from o’ to 16’. In two cases of 6 measurements each the range is 8’. 
It should also be noted that Tutton gives 8; = 101° 54’ and ascribes the 
value 101° 55’ (which is apparently the accepted value) to von Groth. 
Accordingly a conservative estimate of the possible variations in the 
grating space d; may be obtained by allowing a range of + 2’ in 6; and 
of + 0.006 X 10” in N, respectively. For 8; = 101° 57’ and 101° 53’ 
I calculated the value of ¢(8;) to be 1.09695 and 1.09557, in the order 
named. [This assumes the correctness of the following numbers: 
sin (11° 53’) = 0.2059195, cos (11° 53’) = 0.9785689, sin (11° 57’) 
= 0.2070580, cos (11° 57’) = 0.9783287.| Using the first of these num- 
bers in conjunction with N = 6.068 X 10%, the second with N = 6.056 
X 1073, and employing the data p; = 2.7116 and M, = 100.075, given 
by Compton, I found d,; = 3.0265 X 10-§ cm. and d; = 3.0298 X 1078 
cm., respectively. Consequently, the probable error + 0.0010 X 1078 
given in ‘‘d; = 3.0281! + .oo10 X 107-° cm.” is appreciably smaller than 
the possible error + 0.00163 X 10-8, when four decimal places are taken 
into consideration. The range just given is decidedly conservative since 
+ 0.006 X 10% is a probable error (even wager), and the uncertainties 
of M, and p; have been treated as of value zero. 

In the note in question it is also stated that: ‘‘Gorton has determined 
the grating space of calcite by a similar comparison method, using the 
same value of dz, and obtains d,; = 3.028 X 10-* cm., which agrees 
absolutely with the theoretical value.’’ I shall now attempt to show that 


1 This is evidently a misprint since $(101° 55’) = 1.09626, giving di = 3.02817, i. eé., 
d; = 3.0282. 
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the concordance of these results is largely, if not entirely, accidental. 
In Table I. are collected the values of the grating space of calcite which 
I have computed from dz = 2.814 X 10-8 cm., for rock salt and the 
glancing angles given in Table I. of W. S. Gorton’s paper.'!' For con- 
venience in inspecting, the lines have been rearranged according to 
increasing values of d2. With the single exception of the line a, which is 
characterized as “faint,” there is a systematic difference between the 


TABLE I. 

Name. | Strength. @2 X 108 cm,-1, Weight. 
k faint 3.0224 2 
be | very faint 3.0242 1 
c | faint 3.0244 2 
bi | faint 3.0246 2 
h | medium 3.0269 3 
a strong 3.0280 4 
a; | faint 3.0305 2 
d strong 3.0328 4 
g strong 3.0334 4 
b strong 3.0351 4 


values of d, obtained from weak lines on the one hand and from intense 
lines on the other. Although the unweighted mean is 3.028 X 107° cm., 
the extreme variation from 3.022 X 107 cm. to 3.035 X 107° cm. is 
too great to allow any conclusion to be drawn concerning the digit in the 
third decimal place. But this place must be taken into account in order 
to obtain the absolute agreement with the theoretical value mentioned by 
Compton. Since ceteris paribus it is more difficult to make settings on 
faint photographic impressions than on strong ones it is customary to 
assign weights to the experimental data and thus to form the general 
arithmetical mean. From the weights given in the fourth column of 
Table I. above I calculated the general mean and found it to be 
3.030 X 10-§cm. Accordingly, since the range of weights is not exces- 
sive, it may be argued just as well that the grating space of calcite 
given by D. L. Webster agrees absolutely with the value resulting from 
Gorton’s experimental work. 

On the other hand, the following lines of evidence, derived from 
Gorton’s paper, seem to me to show that a high degree of precision 
may not be attributed to his work on the X-ray spectrum of tungsten. 
(a) It is not stated that care was taken to adjust the crystals so as to 
cause their planes of reflecting atoms to be parallel to the axis of rotation 
of the spectrometer. Also nothing is said about diaphragming down 


1 PHYSICAL REVIEW, 7, 206, 1916. 
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the vertical dimensions of the slit and beam of rays. Ina recent paper! 
I have shown that errors may arise from not taking into account the 
three-dimensional paths of the X-rays. (6) The slit width is given as 
0.25 mm. This seems to me to be too wide an aperture, since Cooksey 
and I eventually found it necessary to employ a slit-width of only 0.02 
mm. (c) Pairs of complementary exposures of the same line in the same 
spectral order, both on the right and on the left, were not taken. Instead, 
the shadow of an opaque pointed object was taken as the central or direct 
image. Hence, no attempt to eliminate errors arising from asymmetry 
in the apparatus seems to have been made. (d) Measurements made on 
Fig. 1 and on the first calcite reproduction of Plate 1 show that the 
negatives have been reduced in the ratio 5.0 to 3.3. With due allowance 
for the unflattering effects of the half-tone process, the lines still appear 
to me to be very unsatisfactory for accurate measurements. (Cooksey 
and I photographed the L series of tungsten, excited in a Coolidge tube, 
and found the lines to be sharp and satisfactory in all respects.) (e) 
Photographic films were used. Celluloid films are unreliable for absolute 
measurements because after fixing and drying they do not, in general, 
return to the same length which they had before developing. On the 
other hand, the fact that Gorton says nothing about the penetration of 
the X-rays into the crystals does not necessarily militate against his 
determination of the grating space of calcite in terms of that of rock salt, 
for, if the penetration of the same monochromatic radiation in the crystals 
of the two kinds is not markedly different, the error introduced in the 
ratio by applying no correction for penetration for fairly soft X-rays will 
be relatively small and probably negligible. This follows from the fact 
that the ratio of the sines occurring in the equation d; = 2.814 X 10-8 
sin 6./sin 6, will not be greatly changed by algebraically adding small 
increments of the same sign to both the angles 0, and 6s. 

The following concrete examples of the undesirable behavior of gelatin 
may not be without interest. In the year 1905 I attempted, with the 
assistance of a professional photographer, to obtain a reduced negative 
of a wave-length’ scale by photographing down, with a large portrait 
camera, a specially prepared paper scale. It was necessary to use 
celluloid films in this work because the negative desired had to fulfil 
two conditions: (i) to register exactly with a series of spectrograms 
which had been obtained with a concave grating of about one meter 
radius of curvature, and (ii) to have the same thickness as the films 
used in the spectrograph. It was soon found that the method of trial 
and error was not applicable to the films, and this called attention to the 


1 PHYSICAL REVIEW, I1, I, 1918. 
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fact that successive spectrograms (cut from the same unexposed larger 
film but developed independently) of the same radiations were not, 
in general, superposable. A few years later, a friend of mine met with 
the same source of error in his preliminary work on the secondary standard 
wave-lengths of the iron arc, obtained with a Fabry and Perot inter- 
ferometer and a concave grating of medium size. After losing much 
valuable time he traced the elusive cause of the inconsistencies of his 
data to the celluloid films which he was employing. As soon as the 
change was made from films, which coincided with the focal locus of the 
spectrographic system, to plates placed as mean chords to this curved 
surface, all the anomalous difficulties vanished. It may also be inter- 
esting to note, in this connection, that I once found a set of old glass 
spectrograms, that had been taken by the late Professor A. W. Wright, 
which exhibited the following phenomenon. The gelatin had partially 
separated from the glass backing and curled up. In so doing, the gelatin 
had carried with it thin sheets of glass of irregular thickness. In the 
long time which had elapsed, the cohesion of the glass had given way to - 
the stresses in the gelatin and the adhesion of the gelatin to the glass. 

In behalf of scientific progress the following remarks may not be 
inappropriate. In general, the study of wave-lengths has either one of 
two objects in view; (i) to find a connection between the wave-lengths 
or true frequencies and other physical quantities, and (i) to obtain 
empirical relations between the reciprocals of the wave-lengths them- 
selves. In case (i) it is necessary to express the wave-lengths in terms 
of a linear unit such as the centimeter. At the present time a limit of 
accuracy is set by the sources of error which are inherent in the methods 
of determining the grating spaces of crystals in terms of the centimeter. 
Fortunately the probable errors of the grating spaces of calcite, rock salt, 
and a few other crystals are small enough to admit of no ambiguity in 
testing any general relation which may be supposed to hold between 
X-rays and other physical quantities or phenomena. Case (ii) involves 
problems analogous to those presented by series and band spectra in 
ordinary spectroscopy. In the older subject the formule of Kayser 
and Runge, Rydberg, Ritz, Deslandres, Thiele, Birge, etc., were tested 
on the reciprocals of the wave-lengths and the velocity of light did not 
enter into the calculations. Since wave-lengths of fine lines, in the 
visible and ultra violet regions, can be determined to within three or 
four units in numbers involving seven significant figures it would be 
absolutely foolish to throw away several figures in the reciprocals of the 
wave-lengths merely because the number of permissible digits in true 
frequencies or numbers of vibrations per second is limited by the fact 
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that the velocity of light has not been determined to anything like the 
precision that pertains to the wave-lengths in terms of the centimeter 
(Michelson, Fabry and Buisson.) The change from Rowland’s tables 
to interferometer standards was not caused by the error (in terms of the 
cm.) in the number 5896.156, for the wave-length of the Fraunhofer line 
D, (computed by Rowland from the experimental data of Angstrom, 
Miiller and Kempf, Kurlbaum, Peirce, and Louis Bell) but rather by 
certain inconsistencies in the wave-lengths themselves due to combining 
auxiliary standards of solar and telluric origin. In the same general way, 
if glancing angles and relative wave-lengths of X-rays can be determined 
to a higher degree of accuracy than the absolute grating spaces of crystals 
it will not further the cause of pure science to sacrifice the more accurate 
data on account of the limitations now set by the less accurate. 

Obviously the number of notes that might be published, if the cham- 
pions of a certain value of a grating space were to correct all the X-ray 
wave-lengths given by investigators who had either intentionally or un- 
wittingly used some other value for the same grating space, would be 
enormous. If a tentative value for the grating space of calcite were 
conventionally fixed (by a committee of the American Physical Society, 
or otherwise), then all X-ray wave-lengths could be given on a common 
basis and the probable error of the conventional number might be omitted 
in all problems involving primarily relative wave-lengths. Under this 
unifying condition the discrepancies between the wave-lengths of the 
same radiations obtained by different skilful observers would doubtless 
lead to greater knowledge of instrumental errors, of variations in crystals, 
and of possible changes in the wave-lengths themselves. 

SLOANE PHYSICAL LABORATORY, 


YALE UNIVERSITY, 
April 22, 1918. 
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THE RELATION BETWEEN THE SPECIFIC INDUCTIVE 
CAPACITY OF AN ELECTROLYTE AND THE ELECTRIC 
POTENTIAL OF A METAL PLACED IN IT. 


By DayTon L. ULREY. 


CCORDING to the generally accepted Nernst theory of the mechan- 

ism of galvanic-current production, the difference of potential 

between a metal and a solution of one of its salts may be computed from 
the equation 


a... Ff 

E= ae logs . (1) 
where R is the gas constant, T the absolute temperature, the valence 
of the metal, e9 the charge carried by one gram-molecular weight of 
univalent ions, p the osmotic pressure of the ions in solution and P the 
solution pressure of the metal. On this theory P is an expansive force 
tending to drive ions from the metal into the solution and is opposed by , 
the osmotic pressure of the ions already in solution, or, in equilibrium 
conditions, by the sum of the osmotic pressure of ions in solution and the 
electrostatic attraction between the metal and the ions in solution. 

Of course we have no experimental evidence of the existence either 
of an osmotic pressure or of the so-called solution pressure in the case of 
a metal dipping into a solution. It is merely assumed that the ions in 
the solution exert an osmotic pressure, the magnitude of which can be 
calculated from the gas laws and that, therefore, in order that the metal 
may lose ions to the solution, it must exert an expansive force in excess 
of the osmotic pressure of the ions in solution. The magnitude of this 
expansive force, 7. e., the solution pressure of the metal, can obviously be 
found only by first determining the values of all the other quantities 
of the above equation. When this computation is made, using for E 
the potential difference between the different metals and normal solutions 
of their respective salts, values for P are obtained which range from 10“ 
atmospheres in the case of magnesium to 10~° atmospheres in the case 
of copper. 

The mere incomprehensibility of such values, attention to which has 
been called by Lehfeldt,'! might permit the raising of a question on the 
theory demanding them. But there are other reasons for doubting the 


1 Zeit. Phys. Chem., 26, 94, 1898. 
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validity of the Nernst theory. The solution pressure of a metal, if such 
exists, depends not only upon the metal but also upon the solvent in 
which it dips since it has been shown that the potential difference between 
metal and solution varies for the same metal in different solvents.! 
But it is difficult to imagine why an expansive force within a metal should 
vary with the surrounding medium when the external (osmotic) pressure 
is kept constant, or why it should not be effective when the metal is 
surrounded by air. But we can get what seems to be conclusive evidence 
against the solution pressure theory by making a simple computation 
either of the speed with which an ion would have to leave the surface 
of a magnesium electrode in water, even on the assumption that the 
solution pressure acts only through a molecular distance, or of the mass 
of the ions which a magnesium electrode would need to lose in water in 
order that the solution pressure be balanced by the sum of the osmotic 
pressure and the electrostatic attraction. Both of these calculations 
give values which are not only absurd but impossible, the speed of the 
ion, in the first case, being greater than the velocity of light and the mass 
of the ions lost, in the second case, being such that the density of the 
solution would be greater than that of the metal. 

In the case of the concentration cell, the solution pressure factor is 
supposed to cancel out since electrodes of the same metal dip into the 
same solvent and equation (1) becomes 

RT, G 
E= ney EC,’ (2) 
C, and C, being the ionic concentrations in the two parts of the cell. 
Kahlenburg? has tested the applicability of this equation to concentra- 
tion cells in which non-aqueous electrolytes are used and finds that 
the observed and calculated electromotive forces are far from agreement 
after due allowance is made for experimental error. 

If the Nernst theory is not in accordance with the facts in the few cases 
cited above, obviously it is not the correct explanation in any case. 
Furthermore, this theory does not take account of a factor which we know 
must exist and the recognition of which does away with the necessity 
of the employment of the two purely hypothetical quantities, the solution 
pressure of the metal and the osmotic pressure of the ions in the solution. 
The omitted factor is the specific inductive capacity of the electrolyte. 

When a metal is dipped into a solution we know it acquires either a 
positive or a negative charge with respect to the solution. The former 
case is supposed to be due to positive ions from the solution having been 


1 Kahlenburg, Journal Phys. Chem., 3, 379, 1899. 
2 Journal Phys. Chem., 74, 709, 1900. 
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deposited upon it while in the latter case the metal has lost some of its 
metallic ions to the solution. In either case there has been a transfer 
of ions between the metal and the electrolyte, which, presumably, has 
been brought about by electrical forces, the magnitude of which must 
depend, other things being equal, upon the specific inductive capacity 
of the medium. If then a metal, when placed in a liquid of relatively low 
specific inductive capacity, becomes electronegative by giving off metallic 
ions, it should become still more electronegative when placed in a liquid 
of higher specific inductive capacity, for here the cohesion of the surface 
atoms of the metal would be lessened to a greater extent (assuming 
cohesion to be an electric attraction) and metallic ions would go into 
solution more readily. 

If this be true, in a two-solution cell having electrodes of the same 
metal, not only should the electrode in the solution of higher specific 
inductive capacity be electronegative with respect to the other electrode, 
but the electromotive force of such a cell should be proportional to the 
difference in the specific inductive capacities of the two solutions. 

This latter relation can be directly subjected to experiment and sug- 
gests a method of experimentally checking up the simple theory above 
stated. ; 

Of course we do not know and have no means of measuring the specific 
inductive capacity of any ordinary electrolytes, but electromotive force 
measurements can be made when liquids of very slight conductivity are 
used as electrolytes. To eliminate as many variables as possible, it 
seemed best to measure the electromotive forces between identical 
electrodes using as electrolytes various mixtures of two liquids rather 
than a number of pure liquids. 

The specific inductive capacities of mixtures of ethyl alcohol and water,! 
benzene and acetone,” acetone and water,’ methyl alcohol and water,‘ 
chloroform and ethyl alcohol,’ ether and chloroform,’ and others have 
been determined for different percentages of one in the other. 

The plan of this investigation was to use these mixtures as electrolytes 
and measure the electromotive force between electrodes of the same 
metal, one placed in a certain mixture of two liquids, the other placed in 
a different mixture of the same liquids. Since, in general, the specific 
inductive capacity of a mixture of two liquids does not vary linearly 


1W. Nernst, Wied. Ann., 60, 1897. 

2 P. Drude, Zeit. Phys. Chem., 23, 267, 1897. 

3 P. Drude, Zeit. Phys. Chem., 23, 267, 1897. 

4P. Drude, Zeit. Phys. Chem., 23, 267, 1897, and E. A. Harrington, Puys. REv., VII., 
581, 1916. 

5 J. C. Philip, Zeit. Phys. Chem., 24, 18, 1897. 

6 W. D. Coolidge, Wied. Ann., 69, 125, 1899. 
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with the concentration of one in the other, we have here a means of deter- 
mining whether the electromotive force is dependent upon the difference 
in concentration of the two mixtures, or upon their difference in specific 
inductive capacity, if upon either. The method first employed was as 
follows: The bottom of a glass U-tube was closed with a gelatine plug. 
One arm was then filled with water, and the other with a mixture of water 
and ethyl alcohol, the specific inductive capacity of which was known. 
Into these liquids were put electrodes of the same metal, and the electro- 
motive force measured by the condenser and ballistic galvanometer 
method. 

Various metals were tried as electrodes but freshly electroplated copper 
yielded the most consistent results. The electromotive force rapidly 
fell off, however, after the electrodes were immersed, and because of the 
high resistance of the cell (several megohms) a reading could not be made 
at once, the time of condenser charge being about fifty seconds. In 
order to cut down the resistance of the electrolytes, and also to mask 
the effect of any impurities which might be present in either the water 
or the alcohol, equimolecular solutions of copper chloride (CuCl) in 
water and in alcohol were substituted for the pure liquids, the idea being 
that the specific inductive capacity of each solvent would be changed 
by the same amount thus keeping their difference constant. 

With one-hundredth normal solutions of CuCl, which proved the 
most satisfactory, and electrodes of about two hundred square centimeters 
surface, bent in the form of open hollow-cylinders twenty-five millimeters 
in diameter, a condenser of ten micro-farads capacity was fully charged 
in less than one second. With these conditions the electrodes could be 
removed from the plating bath, rinsed in distilled water, immersed in the 
U-tube, and the electromotive force measured, all in about two seconds. 
In Fig. 1 the variations of the electromotive force with time are shown. 


CURVES 1, AND Ml—=-WATER — 729 PERCENT. ALCONOL 
CURVES IV AND ¥ — == WATER — 403 PERCENT. ALCON OL 





TIME IN MINUTES 


Fig. 1. 
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Curves J, JI and JII, representing the widest variations of six different 
determinations for a one-hundredth normal water solution of CuCl, in one 
arm of the U-tube and an equimolecular solution of a 72.9 per cent, 
alcohol mixture in the other, indicate a relatively rapid rise in the electro- 
motive force followed at once by a gradual decrease, and are character- 
istic of the curves obtained when the higher percentage mixtures of 
alcohol were used. Curves JV and V, for conditions differing only from 
those above in that a 50.33 per cent. alcohol mixture was substituted for 
the 72.9 per cent. mixture, show a slower rate of decrease in the electro- 
motive force and are characteristic of the curves obtained when the lower 
percentage mixtures of alcohol in water were used. It will be noticed 
that in both these sets of curves, but particularly for the set obtained 
with the 72.9 per cent. mixture, that although different determinations 
show different initial electromotive forces and different rates of both 
rise and fall of electromotive force, yet all rise to practically the same 
maximum. Other concentrations of CuCle were tried and although the 
shape of the curves was much changed, yet the maximum remained 
practically constant. This maximum being the only point on the curves 
which could be consistently reproduced it was taken as a characteristic 
electromotive force. Of course it does not represent the electromotive 
force of a cell of identical electrodes, for the surfaces of both electrodes 
change after immersion in the liquids, and in about fifteen minutes show a 
change of color, probably due to the formation of cuprous chloride. It is 
probable that the maximum shown in each of these curves merely repre- 
sents an electromotive force at a time when the surfaces of both electrodes 
are changing at the same rate. But whatever chemical change has 
taken place, if chemical affinity is an electrical attraction, this change 
should also be dependent upon the specific inductive capacity of the 
solution, and it would therefore seem possible that a comparison of 
these maxima for the different percentage mixtures might still show a 
relation between the difference in the specific inductive capacities of the 
two solutions and the electromotive force of the cell, differing only in 
magnitude from that to be expected if neither electrode underwent any 
change after immersion in its electrolyte. 

In Fiz. 3, Curve I, these maximal electromotive forces, obtained when 
a one-hundredth normal solution of CuCl: in different concentrations of 
alcohol in water were in one arm of the U-tube, and a one-hundredth 
normal solution of CuCl, in water in the other, are plotted against the 
difference in specific inductive capacities of the two solutions. The data 
from which ‘this curve is plotted are given in Table I. 

For comparison, in Fig. 2, curves are given showing the relation 
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between specific inductive capacity and concentration. These are plotted 
from the data given in the literature cited above. 


1 — ETMLY ALCOHOL Iv WATER — (\ERNST) 
MN — ACETONE IN WATER — (PRUDE) 
1 — METHYL ALCONOL 1% WATER — (DRTDE) 
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Fig. 2. 


On account of the uncertainty as to the correct interpretation of the 
relation represented in Curve I, Fig. 3, due to the continual change on the 
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Curve I, Ethyl Alcohol-Water (solutions of CuCle)—Cu electrodes—Electrode in water 
solution electronegative.) Curve II, Ethyl Alcohol-Water, Hg2Cle electrodes, Electrode in 
water electropositive. Curve III, Acetone-Water, Hge2Cle electrodes, Electrode in water 
electropositive. Curve IV, Methyl Alcohol-Water, Hg2Cle electrodes, Electrode in water 
electrcpositive. Curve V, Urea Solution-Water, Platinum electrodes, Electrode in water 
electropositive. 


surface of both electrodes and to the method used in determining a 
characteristic electromotive force, it was decided to begin the work on a 
new plan, eliminating, as far as possible, all causes for a changing elec- 
trode. 
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After considerable experimentation the following method was adopted: 
The so-called calomel electrode was substituted for the copper and a 
quadrant electrometer replaced the condenser and ballistic galvan- 
ometer. The cells were made by sealing a platinum wire in the bottom 
of a glass U-tube of about 15 mm. diameter, and eight centimeters 
length. Enough mercury was then poured into two such tubes to cover 
the platinum wires. Distilled water, which had been standing over 
mercurous chloride in a glass flask for more than a week, was then 
shaken up with the mercurous chloride in the same flask, and one tube 
filled with it while the other tube was similarly filled with a known 
mixture of alcohol and water, also containing mercurous chloride. 
Sufficient mercurous chloride was used so that after settling on the 
mercury in the bottom of the tube a layer from three to five millimeters 
deep was formed. The liquids in the two tubes were then connected 
by means of a piece of purified asbestos rope, the asbestos being inside 
a small glass U-tube for convenience in handling, and the platinum 
wires leading to the electrodes were connected to the quadrants of the 
electrometer. 

The deflection of the electrometer needle, charged to about 250 volts 
from two hundred dry cells, was measured on a scale two and one half 
meters distant. A scale deflection of one centimeter corresponded to a 
difference of potential on the quadrants of the electrometer of .0194 volt. 
As the telescope was such that the tenths of a millimeter could be esti- 
mated with a fair degree of accuracy, the error in reading the scale 
deflection should not, therefore, have caused an error in the electromotive 
force determination of as much as .0005 volt. The leads from the 
electrometer and the cells were enclosed within earthed screens, so that 
working conditions were quite satisfactory. 

The calomel electrodes behaved somewhat similarly to the copper. 
‘The electromotive force began to rise immediately after the cell was 
made, but much more slowly than in the case of the copper electrodes in 
the CuCl, solutions, requiting from three fourths of an hour to six or 
eight hours to reach a maximum. This maximum, however, was not 
followed by a decline, but usually remained approximately constant as 
long as the cell was kept, several days in some cases. 

The results of the work with calomel electrodes in the alcohol and 
water solutions are shown in Table II. and in Curve JI of Fig. 3. No 
two of the trials represented in the table were taken on the same cell but 
fresh electrodes were prepared for each determination. 

The same experiment was then repeated with other mixtures sub- 
stituted for the ethyl alcohol-water mixtures, but in every other respect 
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identically the same process was followed. The results obtained with 
acetone-water mixtures are shown in Table III. and in Curve JJ, Fig. 3. 


In Table IV. and in Curve IV, Fig. 3, are given the results obtained 
when methyl alcohol-water mixtures were used. 





















































TABLE I. 

| Pp . Ind. Cap. . in Sp. Ind,| E.M.F. i | . 

ic, Rs BREST Mya een Aaeey ee 
7 11.04 73.10 6.90 .005 | 001 
10 21.84 66.15 13.85 | .009 .004 
3 31.48 60.25 19.75 017 .001 
4 38.78 55.75 24.25 023 001 
11 42.52 53.60 26.30 .025 .006 
6 50.33 48.25 31.75 .031 .002 
4+ 59.68 43.25 36.75 .039 .001 
10 63.27 41.25 38.75 .045 .005 
6 69.42 38.20 41.80 .053 .002 
7 72.90 36.50 43.50 .055 .002 
7 79.42 33.70 46.30 .063 | -002 
5 90.90 28.90 51.10 .074 .001 
4 100.00 26.00 54.00 088 | 002 

TABLE II. 
Per Cent. (by | Sp. Ind. Cap. | Diff. of Sp. Ind. E.M.F. in Volts| Average De- 
No. of Trials. Weight) o of Mixture | Cap. of Water (Calomel viation from 
Alcohol in H;0O. (Nernst). | and Mixture. Electrodes). Mean. 

4 8.00 75.00 | 5.00 021 .002 
10 15.44 70.30 9.70 .030 .003 
5 24.00 65.00 15.00 | .037 .002 
16 31.61 60.25 19.75 .048 .006 
9 40.00 55.00 25.00 .051 .003 
9 50.16 48.37 | 31.63 .064 .003 
7 65.67 40.00 40.00 .076 .002 
11 90.9 28.88 | 51.10 093 004 

14 100.00 | 2600 | 5400 | 102 | 004 5 

TABLE III. 
. Per Cent. (by Sp. Ind. Cap. | Diff. in Sp. Ind. E.M.F. in Volts | Average De- 
No. of Trials. Weight) o | of Mixture | Cap. of H:O (Calomel | viation from 
Acetone in H:0.| (Drude). | and Mixture. Electrodes). | Mean. 
13 20 | 70.6 10.3 | .064 .004 
15 40 57.0 23.9 .091 | .005 
10 60 | 43.5 37.4 | 117 .002 
15 80 31.5 49.4 .136 | .006 
i4 100 








20.5 | 60.4 159 | 006 





Mixtures of ethyl alcohol in ether, ethyl alcohol in chloroform, and 
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acetone in ethyl alcohol were also tested as to the direction only of the 
electromotive force between calomel electrodes. In each case the elec- 
trode in the liquid of higher specific inductive capacity was electro- 
positive with respect to the one in the liquid of lower specific inductive 
capacity. 











TABLE IV. 
akon | Per Cent. (by | Ss 1 d. Cap. Diff. in Sp. | em.F. i Vv Its . A 
No. of Trials. |. Weight) of | a Mixture | Ind. Cap. of (Calomel. ” Govietion 
| Methyl Alcohol (Drude), Water and Electrodes). | from Mean. 
in Water. Mixture, 
8 | 20.45 71.2 9.7 .040 002 
8 40.61 61.5 19.4 .063 .001 
8 | 60.32 52.3 28.6 084 002 
8 | 80.65 | 42.7 | 38.2 .104 .002 
— = 7 | 100.00 : = 33.2 | rs 47.7 = 125 | > 003 
TABLE V. 
pie Consenweetion Sp. ‘Ind. Cap. | Diff. in Sp. Ind. E.M.F. a Volts | anenege De 
No. of Trials. of Ureain | of Solution | Cap of Solution (Pt. Elec- viation from 
Water. (Harrington). | and Water. trodes). | Mean. 
9 Normal sist | 278 | 04% | 002 
9 2N 83.98 | §.25 .060 .004 
: 9 3 N | p 7.44 


| 86.17 O71 __ 003 


One other case was investigated because of its apparent anomalous 
behavior in regard to specific inductive capacity. As one might expect 
when a liquid or salt is dissolved in a liquid of higher specific inductive 
capacity, the specific inductive capacity of the resulting solution is 
generally somewhere between that of the two components. But several 
cases have been discovered where the specific inductive capacity of the 
solution is higher than that of either component. One such case, viz., 
that of urea in water, has recently been investigated by E. A. Harrington,' 
at different concentrations and the specific inductive capacity of the 
solution is shown to increase almost linearly with the concentration. 
The calomel electrode could not be used here because of chemical action 
with the solution. Both copper and platinum electrodes were tried, both 
giving deflections in the same direction, but although larger in the case 
of copper, the results obtained with platinum electrodes were the more 
consistent and these only are given in Table V. below. The relation 
between the difference in specific inductive capacities of the liquids in 
the two tubes and the E.M.F. of the cell is shown in Curve V, Fig. 3. 


1 Puys. REv., 7, 581, 1916. 
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DISCUSSION OF RESULTS. 


Because of the uncertainty as to the full meaning of Curve J no im- 
portance is attached to more than the direction of the E.M.F. On the 
Nernst theory the osmotic pressure of copper ions must be greater in 
the water solution than in the alcohol solution because of the greater 
dissociation in water. Since the solution pressure of copper is of such 
exceedingly small magnitude, 10-*° atmos., copper ions must be forced 
upon the electrodes against a pressure which is practically zero. It 
follows then that more ions will be deposited upon the electrode in the 
water solution than upon the one in the alcohol solution and consequently 
give an electromotive force reversed in sign from that actually found. 
On the simple theory mentioned in the first part of this paper, both 
copper electrodes lose ions when immersed in their respective electrolytes 
because of the weakening of the cohesion of the surface atoms due to the 
relatively high specific inductive capacity of the liquids. But more 
ions are lost in the water solution than in the alcohol solution because 
of the higher specific inductive capacity of the former and therefore 
the electrode in the water solution becomes electronegative with respect 
to the one in the alcohol solution. 

Curves IJ, III and IV show the relation between the difference in 
specific inductive capacities of the liquids in the two parts of the cell and 
the E.M.F. of the cells with calomel electrodes for ethyl alcohol-water, 
acetone water and methyl alcohol-water mixtures, respectively. Atten- 
tion may be called to two points indicated in each of these three curves. 
In the first place, the employment of the calomel electrode removed the 
disturbance due to a continually changing surface of the electrode and 
yielded results which seem to admit of but one interpretation, viz., 
that the electromotive force of the cells here used is strictly proportional 
to the difference in the specific inductive capacities of the two electrolytes 
in each case. 

In the case of the methyl! alcohol-water mixture, the specific inductive 
capacity varies linearly with the concentration but in each of the other 
two cases, as will be observed from Fig. 2, the deviation from a straight 
line relation is sufficient to allow us to conclude that difference in specific 
inductive capacities rather than difference in concentrations is the factor 
upon which the E.M.F. depends. That the curves should all lie on the 
same straight line is hardly to be expected because the ions leaving the 
electrode are attracted to some degree by the solution and the magnitude 
of this attraction depends not only upon the specific inductive capacity 
of the solution but also upon the nature of the attracting molecule. This 
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latter factor would of course be different in each of the three different 
cases and may be the cause of the different slopes in the three curves. 

No particular importance is to be attached to the intercepts of these 
curves on the potential axis. This merely means that some change has 
taken place in one or both electrodes but that this is the same for all 
concentrations and has the effect only of shifting the origin along the 
potential axis. 

The second point of importance in connection with curves JJ, III 
and JV is the direction of the E.M.F. In the case of reversible electrodes 
of the second class, such as is the calomel electrode, the negative ion acts 
as the carrier; that is, the calomel electrode gives results of the same 
character as would be expected of a metallically conducting modification 
of chlorine. This being the case, the electromotive force should be 
opposite in sign, from any theory, to that obtained with electrodes of the 
first class. In the case at hand, if there is an appreciable difference in 
the chlorine ion concentration about the two electrodes it must be the 
greater about the one in water because of its higher dissociating power 
than that of the ethyl alcohol, acetone or methyl alcohol mixtures. 
If now the solution pressure were the same at both electrodes, the greater 
osmotic pressure of the ions in the water solution would make the elec- 
trode on that side electronegative instead of electropositive as it is 
found to be. The only way we should have then of explaining the 
experimental results would be to assume that not only is the solution 
pressure less in the ethyl alcohol, acetone and methyl alcohol mixtures 
but that it is directly proportional to the specific inductive capacity of the 
liquid, in which the electrode is placed, a very unnatural property to 
ascribe to an expansive force within the electrode. The experimental] 
results are exactly as postulated, however, by the theory that the loss of 
ions from an electrode is proportional to the specific inductive capacity 
of the electrolyte. 

In Curve V, the data for which were obtained with platinum electrodes 
in urea solutions, we have again a linear relation between the difference 
in the specific inductive capacities of the electrolytes and the electro- 
motive force of the cell. In this case the solution pressure factor cancels 
out, since, according to the Nernst theory, the solution pressure of a 
metal is the same in an aqueous solution as in water. This would mean 
either that the ion concentration about the electrode in water would have 
to increase as higher concentrations of urea were used in the other tube 
or that the ion concentration about the electrode in the urea solution 
would have to decrease with the concentration of urea. On the other 
hand, if ions are lost more readily from the electrode which is immersed 
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in the liquid of higher specific inductive capacity, then the relation rep- 
resented in Curve V,as well as the direction of the E.M.F.,is only what 
we should expect. 

It should be added that the results of this investigation are in complete 
agreement with the work of Miss Finney! in which the theory here set 
forth was assumed along with the hypothesis that the more electro- 
positive metals have the higher specific inductive capacity. In an 
investigation which is still in progress, Professor Sanford has recently 
established the validity of this latter hypothesis. This substantiates 
the interpretation which Miss Finney gave to her results, viz., that the 
higher the specific inductive capacity of a solution, the more electronega- 
tive is an electrode of any given metal placed in it. 


SUMMARY. 


1. The potential difference between electrodes of the same kind in a 
two-solution cell has been measured for a number of different percentage 
mixtures of two liquids for four different cases, and in each, after dis- 
turbing influences were removed, is shown to be strictly proportional to 
the difference in the specific inductive capacities of the two solutions, 

2. In the two cases investigated with copper electrodes, one with 
platinum and six with calomel electrodes, the direction of the electro- 
motive force of the cell is in accordance with the theory that the loss of 
ions from an electrode is dependent upon the specific inductive capacity 
of the electrolyte rather than upon the concentration of those ions in the 
electrolyte and a solution tension of the electrode. 

It is a pleasure to acknowledge a debt to Professor Sanford, of the 
Department of Physics, for valuable suggestions and continued interest 
throughout the work, and to Professor Young, of the Department of 
Chemistry, for helpful suggestions and criticisms in the earlier part of 
this work. 

STANFORD UNIVERSITY. 


1 Puys. REv., 6, 5, 1915. 
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ON BOHR’S ATOM AND MAGNETISM. 
By JAKOB KUNz. 


HERE are two outstanding problems in the field of physics at 
the present time, the problem of the nature of light and its origin 
and the problem of magnetism. Light and magnetism seem to be very 
directly connected with electrical charges in motion and the ultimate 
theory of the origin of light may involve the solution of the problem of 
magnetism. Several attempts have been made at an explanation of the 
radiation of the black body and of the emission of line spectra. The 
most surprising fact that has been brought to light by these investiga- 
tions is the existence of the quantum constant h, which seems to belong 
to the fundamental constants of nature. Among the various attempts at 
an explanation of the series spectra, the theory of the atom by Bohr 
deserves special attention because it involves h and accounts with very 
surprising accuracy for the Rydberg constant of the Balmer and related 
series. According to Bohr the atom consists of a nucleus surrounded 
by electrons revolving in stationary non-radiating orbits, for which the 
laws of electrostatics hold so that we have: 


The stationary circles are determined by the postulate that the kinetic 
energy 4mv’ is proportional to the quantum of energy such that 


E, = Ym? = Ychn (z = integer) 
mv2rna = zhn 
, 2h 
mva = m2rna? = — ; 
2 
hence the constant / is proportional to the moment of momentum of the 
revolving electron. It is also proportional to the magnetic moment 
M of the electron in the stationary orbit, thus 





M = rai = ra’en = zh : 
4rm 


The non-radiating orbit of the electron seems to account at once for 
the constant magnetic properties of the elements and their compounds. 
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When the electron moves from an outer to an inner stationary orbit, it 
loses a quantum of energy, giving rise to a line in the spectrum; 


nh = E., — E., = ae ( = +). (1) 


h? 27 = 


Two of the fundamental problems seem to be solved at the same time, 
the electron, when jumping from an outer to an inner stationary orbit 
giving rise to light and when moving undisturbed in a stationary orbit, 
producing the magnetic effects. Of course even if both parts of the 
theory were verified, the question would still remain, why such non- 
radiating orbits are possible, in other words, why Maxwell’s theory of 
electromagnetic radiation does not hold within the atom. If this theory 
is invalid within the atom, then we might expect also that the theory 
of relativity does not hold in the same regions. 

Before I proceed to the discussion of magnetism on the basis of Bohr’s 
theory, I wish to call attention to an interesting conclusion with regard 
to the velocities of those electrons near the nucleus which give rise to 
the Roentgen spectra, the approximate law of which has been discovered 
by Moseley. The square root of the highest frqeuencies from the atoms 
of the chemical elements is proportional to the charge e; of the nucleus. 
This law follows from Bohr’s theory. If we call the nuclear charges of 
two atoms é;; and ey and assume the factor 1/22: — 1/z;? to be the same 
in both elements, then we obtain from equation (1) for the highest fre- 
quencies of the two elements 


ju eu _ a _ 


No = Cy 2 No 





where N; and Np are the corresponding atomic numbers. Now, Millikan 
has tested this relation for tungsten and hydrogen and has concluded 
that the shortest wave-length which could be produced by hydrogen is 
91.4, while Lyman found for the convergence wave-length 91.2 uu. 
This would correspond to the highest frequency of the hydrogen atom. 
It seems certain that the Lyman ultra-violet series of hydrogen lines 
is the K series of thiselement. While this agreement is very satisfactory, 
it should be remarked that we have as yet no proof of the existence of 
Balmer series in the Roentgen spectra, and the resolving power of the 
crystals for the characteristic Roentgen rays may be too small, so that 
it remains impossible with the present experimental means to discover 
series analogous to Balmer series in the Roentgen spectra. Now the 


R é1 N; 
Ne 2 Ne 


relation 
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may be true, even if Bohr’s theory of the atom is not true, provided we 
introduce the quantum relation in the following way, as has been shown 
by F. Sanford.! 


2h - 
1) Ym? = hn v = 27na = [2h Vn 
)% Vn 
mva = h/r 
2) mv/a = ee,/a2  e, = mv*a/e = = vh/re 
ny eet h#/? | = 34 
€&; = V2/m—— Wn 
re 
e\ ny, 
€2 Ne 


Whether we deduce this relation according to Sanford’s or to Bohr’s 
method we assume in both cases that the mass m of the electron is the 
same in both and in all elements. 

In the theory of relativity the ratio of the transversal mass m of the 
moving electron to the mass my of the electron at rest is given by 


m I 
Mo NI = vy ‘ 


If we assume 1.01 for m/my we find v = 4.2-10° cm. per sec. If the 
shortest wave-length \ measured for tungsten is equal to 0.167-1078 
cm. then 





Cc 
m =— = 1.8-10!9 
r 
n;? ey ‘ 
ne? — (< ’ (3) 
but 
ee; mv" ‘ 
— = — = marn*a 
a? a 4 
ee, 
fa—-——— . 
m4r-a 
n;" €11 [ Qe €; [ de \* eé: \* ( ) 
nm? eo\a,) e\a) \e@ 4 
From (4) 
e} a2 
€2 Qa 


1 PHYSICAL REVIEW, Vol. IX., p. 383, 1917. 
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for two different elements. 
1 M 
= = 15," 
For the hydrogen atom 
a; = 5.5:10-* cm. 
for tungsten 
N, I 


Ma 74’ 
hence 
a2 = 7.43:10-" cm. 


for the innermost orbit of the electron in the tungsten atom, and the 
circular velocity 
Ve = 2m7Ndz = 8.38-10t* cm. 


For the uranium atom we would find a path velocity of the electron in 
the innermost orbit amounting to 2.1-10" cm., approaching somewhat 
the velocity of light. This velocity would correspond to a mass 
m = 1.4mo, if we neglect the influence of other revolving electrons. 
It is remarkable that these highest velocities of revolving electrons remain 
only about 30 per cent. below the velocity of light, on the other hand a 
satisfactory theory of the Roentgen spectra must take this effect into 
account or deny relativity in the interior of the atom. 

The velocity of the electrons in the orbits of Bohr’s atom is so great, 
that it seems possible to explain the magnetic properties of the elements 
by the assumption of a few electrons revolving in nonradiating orbits. 
We shall proceed to compare the magnetic properties of some of the sim- 
plest elements with Bohr’s theory of the atoms and molecules. The 
first difficulty which we encounter consists in the fact that we have 
measured so far only the magnetic properties of molecules (except the 
rare gases) and not of atoms and that Bohr’s theory of the molecules, 
of hydrogen for instance, is not so definite as that of the atoms. The 
hydrogen atom consists of a nucleus of charge e; and an electron of 
charge e, revolving in a circular orbit around about the nucleus. This 
atom represents an elementary magnet and if the hydrogen gas were 
made up of atoms it would be paramagnetic and the paramagnetic sus- _ 
ceptibility could be evaluated at once. But now the question arises 
as to the nature of the coupling of two atoms in a molecule. The ele- 
mentary magnets of two atoms may arrange themselves so that the axes 
of the two magnetons form the same line, hydrogen would then still be 
paramagnetic, or the axes may be parallel to each other and the neigh- 
boring poles be of opposite sign, the hydrogen gas would then be dia- 
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magnetic; finally, and this is the case Bohr has assumed for the hydrogen 
molecule, both electrons revolve in the same orbit, separated by 180°, 
the plane of the orbit being at right angles to the line joining the two 
nuclei. Bohr calculates for the radius of the common orbit of the 
electrons a = 5.22-10~* cm., for the frequency n = 6.72-10%. This gas 
is paramagnetic. The magnetic moment M is equal to: 


M = 2-ra’en = 1.82-10~-” 
The magnetic susceptibility at 0° 


NM? _ 2.72-10'*(1.82)?- 10” 
3RT 3:1. 37°10'°-273 


k = + 8.2-10~8 per unit volume at 0°. 


The values which I find in the literature are contradictory: + 0.8-1078 
(Quincke), — 0.5-10~-° (Bernstein), — 0.34-10~® (Blondlot). A further 
accurate determination of the magnetic properties of hydrogen is very 
necessary. 

The helium atom in Bohr’s theory consists of a nucleus of charge 2e 
around which there are rotating 2 electrons in the same orbit of radius 
a = 0.314:1075 cm., with a frequency m = 19.10%. This gas would be 
paramagnetic. The magnetic moment of the atom is equal to 1.85-10-”, 
the susceptibility k = 8.5-10-§ at 0°; for both gases k = C/T where 
Curie’s constant C = NM?/3R. Helium like the other inert gases is 
diamagnetic. Here Bohr’s theory is in contradiction with the experi- 
mental fact. 

Lithium is supposed to contain a nucleus of charge 3e; two electrons 
revolve in the inner orbit and one electron in the outer orbit in the 
same direction, giving rise to paramagnetism; the magnetic moment 
can easily be calculated. 


M = 27a,’en, + ma2’en2z = 2.815-10-”, 
a; = 1.99:107° az = 0.651-1078, 
nm, = 4.74°10% Nz = 4.43-10". 


The paramagnetic susceptibility of lithium would be equal to: 


NM? _ 2.72-10'*(2.815)?10-® 


- 3RT 3°1.37° 107" 273 





= + 1.98-1077 


per unit volume at 0°. Lithium like the other alkali metals is weakly 
paramagnetic. The literature contains the value 2.26-10~’, which agrees 
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with the theoretical value even better than we should expect, because 
we have treated lithium like a gas, while for the solid state the mutual 
action of the elementary magnets must be taken into account. 

Finally, beryllium, in Bohr’s theory, consists of a nuclear charge 4e 
with two orbits, each containing two electrons. If the radii and the 
frequencies of the electrons in the neutral state of the atom were uniquely 
determined, the magnetic moment and the magnetic susceptibility could 
easily be calculated. The atom model is paramagnetic in agreement 
with experimental determinations. 

All four substances, hydrogen, helium, lithium, beryllium, are para- 
magnetic according to Bohr’s theory, while hydrogen is probably dia- 
magnetic and helium is almost certainly diamagnetic. The effect of a 
magnetic field on a paramagnetic gas consists in the orientation of the 
molecular magnets into the direction of the external field; so that there 
will be a state of equilibrium between the directing tendency of the field 
and the disturbing tendency of the temperature agitation. As far as 
this effect of the field is concerned, we are justified in applying the theory 
of paramagnetism to Bohr’s atom model. But the field must also have 
a secondary effect on paramagnetism, an effect which determines at the 
same time the diamagnetic properties. 

Let us consider in a diamagnetic gas an atom with an electronic orbit 
of radius a, the electron e revolving with velocity v in a plane perpen- 
dicular to the magnetic field. The magnetic moment, without the 
action of the external field, will be equal to M = ra’en: if a field H is 
applied the frequency will change so that 


dM = re(2anda + a*dn) 
or assuming the first term small, 


dM = rea*dn = — rea®?=. 


But in the theory of diamagnetism as well as in Lorentz’s theory of the 
simple Zeeman effect, it is assumed that 


my 
a 





= f-a, 


that is, the centripetal force, which balances the centrifugal force is pro- 
portional to the distance a between the electron and the center of the 
atom, the centripetal force is a quasi elastic force; while in Bohr’s theory 
the centripetal force is inversely proportional to the square of the dis- 
tance between the electron and the nucleus. Yet even under these 
circumstances we can find, allowing certain approximations, the older 
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expressions for the diamagnetic susceptibility and for the Zeeman effect, 
except for a factor 2, as will be seen from the following deductions which 
are self explanatory. 





mv f 
a @ 
With a magnetic field we have: 
mv" H mva 
= + — Hev = — Hev 
a” a” a” 
mv> mva Hev 
a” a” — a’ 
Ta 27 F 
>: 
v a a 
a =rZ= T = Constant, 
Tv 
, 
a 
I’ = —T, 
a 











TS 


a as 
(z= ~ ue). _ He 
but 
a’ =a+da, a® =a*+3a%da T’=T+dT, T” = T?+ 2TdT, 
hence 
2mm T*3a"da —a*2TdT _—He 








a T ~ 
da = —éT = (20e/aeT)éT = = AT, 

2r yi 
2xm 3a°TdT — 20°TdT _—siHe 
a® Ts — er T’ 

3 

2am = = = — He, 

_ —dn= — 

z* 2rm . 

He 

207m , 
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which is the formula for the Zeeman effect except for the factor 4. 
This explanation of the Zeeman effect is open to a logical objection; 
namely, in Bohr’s theory it is assumed that a line of the spectrum is 
emitted when an electron moves, we do not know on which path, from 
an outer to an inner non-radiating orbit. The magnetic field, of course, 
acts on the electron during the emission of light; that is, while the 
electron moves from one orbit to the other. But in this present theory, 
as in the older Lorentz theory, we assume that the magnetic field affects 
only the stationary orbits. 

This assumption however remains valid for the determination of the 
diamagnetic susceptibility which we shall now consider. 


If there are N orbits per unit volume and if the axes are uniformly 
distributed in all directions, then we have 


or, the diamagnetic susceptibility k is equal to 


e’a?N 

Gm 
or, twice as large as the same quantity calculated on Lorentz’s assumption 
that the centripetal forces are proportional to the distance between 
the electron and the center of the atom. For the diamagnetic suscepti- 
bility and for the Zeeman effect we have to assume in Bohr’s atom 


that under the influence of the magnetic field the nonradiating orbits 


are slightly changed. 
For a paramagnetic gas the resultant susceptibility would be the 
difference 





a NmM? _ ea’Na 
~ 3RT 6m ° 
For hydrogen we would have 


k 4r’ate’n?N ea? N2 


3RT 6m 


4r’a°n? 2 
ao ad ee a eee 
een| 3RT Z|. 


If we take again for 0° 
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@ = §.22-107°, 
n = 6.72:-10", 
m = 9.01-107~78, 
R = 1.37-10~*, 
T = 273. 

We find: 


27242 
os = 4.31-107, 


I 
jenke aoe . 1026 
3m 3-7° 10", 
that shows that the paramagnetic effect for hydrogen at 0° is more 
than 1,000 times larger than the diamagnetic effect. 
For helium we have the corrected paramagnetic susceptibility equal to: 
NoM?  ea*®N.2 


"= 3RT 6m’ 


= 
II 
LS) 
4 
i=) 
® 
S 


With the previously given values for the radius a and the frequency 
n of the electrons we find 
47°a°n? 


3RT 





= 1.26-10”, 


The relative diamagnetic effect of helium is a little smaller than the 
corresponding effect of hydrogen. 

In general, the observed susceptibility k is the difference between the 
paramagnetic susceptibility k, and the diamagnetic susceptibility ka 


k = ky — ka. 


It is therefore quite conceivable that an element like tin changes at 
given temperatures from the negative to the positive sign of magnetism, 
and vice versa; k, at all events is a function of temperature. For the 
diamagnetic gases the susceptibility is probably almost independent of 
temperature. If Bohr’s theory of the structure of helium is in the right 
direction toward the physical reality then we have to make a little 
modification in order to explain the magnetic properties of helium. If 
the principle of conservation of the moment of momentum holds within 
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the atom, if this momentum is proportional to the magnet moment and 
if the electrons are moving in elliptic orbits, then the nucleus would also 
move around the center of attraction of the system, in the same direction 
as the electrons, the magnetic moments of the electrons and the nucleus 
would balance each other and the atom would be diamagnetic. Of 
course, it is not required that the resultant moment should be exactly 
zero, but only that the absolute value of kz should be larger than k,. 
If over a wide range of temperature of a gas k were independent of the 
temperature then k, would be equal to zero. The Zeeman effect of iron 
vapor shows that the diamagnetic properties persist up to very high 
temperatures, and the additive law of diamagnetism for organic com- 
pounds of similar constitution indicates that the diamagnetism is a 
rather deep seated property of matter, which may be attributed partly 
to the nucleus. On the other hand the paramagnetic phenomena and 
the diamagnetic properties of solid and liquid substances are readily 
influenced by chemical and mechanical agencies. 


SUMMARY. 


1. It has been shown that the relation 


can be deduced by means of the quantum relation without Bohr’s 


theory of the atom. 
2. If we calculate the radii of the orbits and the velocities v of the 
electrons near the nucleus of the atom by means of the relations: 


el N, 
a =a = a>; 

2 Neo ; 
Vo = 27NQ2, 


we find for the greatest velocity of the electrons in the uranium atom 
2.1-10" cm. corresponding to a mass m of the electron equal to 1.4mp. 

3. The paramagnetic moments and the paramagnetic susceptibilities 
of hydrogen, helium and lithium have been calculated by means of 
Bohr’s theory. If hydrogen really is diamagnetic, which has yet to 
be decided by experimental measurements, the magnetic properties of 
hydrogen and helium can not be explained by Bohr’s atom-model. In 
this case a new model has to be invented, or the magnetic properties 
have to be ascribed to different causes, for instance, to proper magnetons, 
independent of revolving electrons, or to electrons whose charge itself is 
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No. I. 


in motion, so that the electron is at the same time a magneton or to the 
nucleus as being responsible partly for the magnetic phenomena. 
4. A modification of the simple Zeeman effect has been given. The 


resultant equation 
He 
om 
differs from Lorentz’s theory by the factor 4%. 

5. The diamagnetic susceptibility of hydrogen and helium has been 
calculated. It is about 1,000 times smaller than the paramagnetic 
susceptibility. 

6. A modification of Bohr’s atom has been considered, which will 
account for the diamagnetic properties of He. 


LABORATORY OF PHYSICS, 
UNIVERSITY OF ILLINOIS, 
April, 1918. 
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PRODUCTION AND MEASUREMENT OF HIGH VACUA. 


By J. E. SHRADER AND R. G. SHERWOOD. 


URING the last few years the importance of very high vacua has 

been increasingly recognized. Especially is this true in the case 

of thermionic emission from hot bodies, the photo-electric effect and 

in other allied phenomena. In order to be able to produce and measure 

vacua of the highest order, the authors began the investigation of various 

pumps and gauges and treatment of glass vessels that the best results 
might be obtained. 

The diffusion pump devised by Gaede! and improved by Langmuir? 
practically displaces all other means of obtaining a high vacuum. Pre- 
vious to the appearance of this pump Gaede’s molecular pump was prob- 
ably the best means at our disposal for producing a high vacuum. In 
spite of the serious objection of any pump constructed of metal which 
continually evolves gas during its operation, Gaede records a pressure of 
2 X 1077 mm. Hg. obtained by this pump. Very high vacua can be 
obtained by making use of the extraordinary absorptive power for gases 
by cocoanut charcoal when immersed in liquid air. Oxygen, nitrogen, 
water vapor, etc., are strongly absorbed, hydrogen somewhat less and 
helium and neon least of all. It is necessary that the charcoal should be 
heated to 500 or 600° C. and the emitted gases pumped off to a very good 
vacuum before the liquid air is applied. Angerer® by this method has 
obtained a pressure of 8 X 1077 mm. Hg. 

When pressures of the order mentioned above are to be measured the 
McLeod gauge is no longer serviceable. A gauge of this type to measure 
pressure even as low as I X 107 mm. Hg has to be of inconvenient size 
and also at this pressure gases given off by the gauge, since it is difficult 
to give it heat treatment, are of considerable importance. The wire 
type of gauge devised by Piranit and improved by Hale’ can be given 
heat treatment, but have not as yet been able to record changes in pres- 
sure lower than 2 X 10° mm. Hg. The molecular gauge by Dushman‘ 

1 Gaede, Ann. d. Phys., 46, 357, 1915. 

2 Langmuir, Puys. REv., 8, 48, 1916. 

3 Angerer, Ann. d. Phys., 1911. 

4 Pirani, Verh. d. Deutsch. Phys. Gesell., 24, p. 686, 1906. 


5 Hale, Trans. Am. Electrochem. Soc., 20, 243, I9II. 
6 Dushman, Puys. REv., Vol. V., 212, 1915. 
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theoretically is able to measure lower pressures, but the difficulty in 
operating the mechanism and the fact that it is made of comparatively 
large masses of metal which evolve gases, does not make this type of 
gauge appear promising. Knudsen devised a type of gauge which later 
improved by him seems to meet all the requirements of a sensitive and 
accurate gauge which is independent of the kinds of gases or vapors 
present. Quite recently Buckley! has devised an ionization gauge in 
which the residual gas is ionized by electrons given off by an incandescent 
filament accelerated by a potential of about 200 volts. The ionization 
so produced is measured by means of a third electrode in connection 
with a sensitive galvanometer. The ratio of the ionic current to the 
thermionic current is equal for any given gas to a constant times the 
pressure. From some work done by one of the authors this gauge did 
not prove very satisfactory, either from constancy of reading or of 
sensibility at very low pressures. Furthermore the gauge is not inde- 
pendent of the nature of gases or vapors present and has to be calibrated 
for known gases. It is quite obvious that the audion or pliotron can be 
used in the same way as an ionization gauge. 

In this paper the diffusion pump and the Knudsen molecular gauge 
have been the means selected for the production and measurement of 
high vacua. In investigating the operation of these instruments at- 
tempts have been made to improve both by certgin modifications. 


THE MERCURY DIFFUSION PUMP. 


Langmuir’s modification of Gaede’s diffusion pump consists in pro- 
viding a much wider opening for diffusion so that greater speed is secured. 
In his first pump the condensed mercury in returning came into contact 
with the hot tube carrying the mercury blast so that some mercury 
reévaporated and operated against the intake side of the pump. In his 
later pump the mercury blast is carried forward and enters the condensing 
chamber from above and the condensed mercury reénters the boiler by a 
side tube, thus avoiding the former difficulty. 

A New Design of Diffusion Pump.—To maintain the upright form of 
the pump which is of advantage in glass blowing and yet have all the 
advantages of this latter type of pump a new pump was designed which 
is simple in construction. Fig. 1 is a diagram of this pump. The 
tube B, carrying the blast of mercury vapor from the reservoir A, extends 
through the high vacuum chamber C into the.condensing chamber D. 
A sleeve E separates the lower part of the condensing chamber from the 
tube B, forming a sort of catch-basin for the mercury condensed in D. 





1 Buckley, Nat. Acad. Sci. Proc., 2, p. 683, 1916. 
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SERIES. 


This mercury is returned to the reservoir by the tube F without passing 
through the high vacuum chamber C. 


4 
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Fig. 1. 
Mercury Diffusion Pump. 











Closed with Rubber Tvbing 


Condensing Chamber 


Walter Juchet 


iz Welter In/el 


+ Hg ‘Return 


Hg Trop 


This entirely obviates the objec- 
tionable feature of mercury com- 
ing into contact with the hot 
tube B. The tube G returns to 
the reservoir any mercury that 
might by chance get into C. No 
mercury has ever been observed 
in C during normal operation of 
the pump. The return tube G, 
as well as the annular trough at 
the bottom of C, was inserted by 
way of precaution. The upper 
part of the condensing chamber 
is made cone-shaped so that 
mercury condensed at this point 
will slide along the wall and not 
fall through the opening between 
B and E into the chamber C. 
The water jacket is sealed to the 
condenser at the bottom about 
one inch below the end of the 
tube E and is made water tight 
by a rubber tube connection at 
the top. Some of the dimen- 
sions of a standard size pump 
were as follows: The reservoir 
A was 3% inches in diameter. 
Tubes B and E were 1 inch and 
134 inches in diameter respect- 
ively. The condensing chamber 
D was 2 inches in diameter and 
7inches long. The water jacket 
was 2% inches in diameter. 


Sleeve D ends about 1/32 of an inch below E so that the chance of 
mercury vapor striking it and being deflected into C is small. The in- 
take tube H was 34 inch in diameter. 


THE KNUDSEN ABSOLUTE GAUGE. 


An absolute gauze, independent of the nature of gases or vapors, 
was devised by Knudsen! in 1910 suitable for measuring pressures as 


1 Knudsen, Ann. d. Phys., IV., 32, 809, 1910. 
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low as 10° mm. of Hg. In 1914! he made a much more sensitive gauge 
of this type capable of indicating pressures as low as 1.5 X10~’7 mm. Hg. 
A modified form of this gauge was made by Woodrow? which was sensitive 
to a pressure as low as 3 X 10-* mm. Hg. though he does not record any 
pressures actually obtained lower than 1 X 10-* mm. of Hg. 

Theory of the Gauge.—This gauge has the advantage of great sensibility 
and independence of the nature of the gas. It operates on the principle 
of molecular bombardment of a movable vane from an electrically heated 
platinum strip. The pressure of the gas is calculated from the physical 
dimensions of the movable vane, the difference of temperature between 
the heated strip and the vane, the torsion of the suspension and the 
angular deflection of the vane, which are all readily determined. 

Assuming that the pressure is so small that the mean free path 
is large in comparison to the distance between the heating strip and 
the vane, from theoretical considerations, Knudsen has developed the 
formula 

2K 


= — —— dynes/cm.? 
p JE a ynes/ 
. 


where » = pressure of the gas in dynes per square centimeter. 
K =a constant of the gauge. 
T, = the absolute temperature of the heated strip. 
T. = the absolute temperature of the movable vane. 

For small differences of temperature this becomes approximately 


T: 
p=4K T, — F,dynes/em.. 


Tf the physical dimensions of the gauge are inserted this formula becomes 


_4n'ID__Th 
~ tAfd T, — To 





dynes/cm.?, 


where 
I = moment of inertia of the moving vane. 
mean radius of the moving vane. 
area of one moving vane. 
period of vibration of the vane. 
scale deflection. 
scale distance. 
T, = absolute temperature of the heated strip. 
T: = absolute temperature of the movable vane. 


a We b « 
louui od 


1 Ann. d. Phys., 44, 525, 1914. 
2 Woodrow, Puys. REV., 4, 491, 1914. 
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If we express 7; — 72 in terms of the resistance of the heating strip 
at temperatures of 0° C., 7; and 72 thus become 
T; = T2 _ re 
where a is the temperature coefficient of the platinum strip. The 
formula for the pressure then becomes 
2 
= set Pe Tz dynes/cm.. 

Knudsen has shown experimentally that this approximate formula 
holds with very small error up to differences of temperature of 250° C. 
He’ has also checked the formula from .oo1 mm. to .oooo1 mm. Hg. and 
finds that it holds extremely well. At higher pressures than .oor mm. 
the mean free path of the molecule is no longer large compared with the 
distance between the vane and the heat- 
ing strip, hence some of the energy of the 
molecules is lost in collisions and the above 
formula no longer holds. 

Description of the Gauge.-—A gauge pos- 
d sessing important improvements, we be- 
lieve, over those already referred to, viz.: 
(1) the method of supporting the platinum 
| heating strip, (2) the kind of suspension 
O used and (3) the manner of suspending and 
controlling the movable vane, should justify 
a description of a further modified form of 
the Knudsen gauge. 

The gauge is shown in Fig. 2. It is in- 
closed in a hard glass tube 2 inches in diam- 
eterandgincheslong. The heating strip aa 
is of platinum .018 mm. thick and 7.5 mm. 
wide with a total length of 18 cm. It is 
folded at the top forming a cross piece and 
two parallel sides. The ends are brazed to 
20 mil tungsten leading-in wires at the bot- 

Fig. 2. tom. Fifteen mil tungsten wires b sealed 

ee ee Sa into the glass-rod support serve as a spring 
support for the platinum strip. This allows accurate adjustment of the 
strip and sufficient tension is secured to keep the strip taut during 
heating. One of these wires is carried up the glass-rod support, sealed 
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into it at c, leaving a free end d to serve for electrical connection of the 
moving vane to the heating strip. Connection is made by the wire 
pressing under tension against the tungsten wire e to which the suspension 
of the vane is fastened. Potential leads of fine platinum wires ff are 
welded to the strip about one centimeter from the ends and are brazed 
to tungsten sealing-in wires. 

The movable rectangular vane g is made of aluminum .0076 cm. thick. 
A standard size adopted is 3.2 cm. by 4-cm. outside dimensions, the 
width of the vane being .5 cm. Because of liability of warping during 
heat treatment the vane is stiffened by an aluminum wire passing through 
slits at the top and a hole at the bottom into which the wire is hooked 
and fastened firmly. For portability, two copper wires / are sealed 
into the glass-rod support while the free end formed loops around the 
rod, these forming guides for the vane. The mirror is fastened at the 
bottom of the vane by leaving a small projection of the aluminum at the 
lower edge and cutting out small tongues from the material of the vane 
on either side. The mirror is laid in place and the projection and the 
two tongues are pressed closely over it, holding it securely. 

Silver mirrors were tried, but failed to withstand the heat treatment to 
which the gauge and system were subjected. Mirrors made by coating 
microscope cover glass with china decorator’s platinum solution, followed 
by baking at 500° solved this difficulty. 

The distance between the heating strip and the vane is adjusted 
from outside the case by magnetic control on a piece of soft iron 7 sealed 
into a glass stem to which the suspension is fastened. 

The suspension is .0005-inch tungsten wire. This is fastened to small 
aluminum hooks around which the wire is wrapped several times 
after which the hooks are pressed firmly together. This method is not 
difficult and holds the wire securely. A hook on the end of a tungsten 
wire sealed into a glass stem, the free end passing through a capillary 
rod j on the glass support serves to hold the suspension. 

The use of phosphor-bronze or silver as suspensions proved unsatis- 
factory as they were readily attacked by mercury vapor. 

A gauge such as has been described, using a .0005-inch tungsten 
suspension from 6 to 7 cm. long, has such a sensibility that a scale 
deflection of I mm. at a meter’s distance with a temperature difference 
of 150° C. between the heating strip and the movable vane indicates 
pressures of I X 10°° to 5 X 10°° mm. Hg. One gauge of other dimen- 
sions than those given above would indicate a pressure of 5 X 10-* mm. 
Hg. under the same conditions. 

Operation of the Gauge-——The gauge was sealed to the system and ad- 
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justed so that the vane hung parallel to the heating strip. The distance 
between the movable vane and the strip is adjusted by the magnetic 
control to about one millimeter or less. Since damping at low pressures 
is quite inappreciable this is accomplished by a laminated electro-magnet. 
An electro-magnet is quite necessary since all samples of aluminum of 
which the vanes were made contain sufficiently large amounts of magnetic 
impurities to produce appreciable magnetic effects. The gauge was 
screened from electrostatic disturbances and from direct light by a 
screen of thin aluminum on the outside of the case. A small hole in 
front of the mirror allowed the use of a lamp and scale for the reading of 
the deflections. Careful observations showed that no difficulties arose 
from the light entering the gauge from the lamp. 

The difference in resistance which appears in the formula for calculating 
the pressure was determined by a Leeds and Northrup potentiometer 
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together with a .1 ohm Standard shunt. Fig. 3 is a diagram of the elec- 
trical connections. P is the potentiometer with the driving battery Ba, 
a galvanometer G and a Weston Standard cell C. In the gauge circuit 
is a battery of 6 volts, a high resistance R2 (1,000 ohms) and a low resis- 
tance R, (80 ohms) and the standard .1 ohm shunt S. A double-pole 
double-throw switch makes connections so that the fall in potential 
across the heating strip from f to f’ or across the standard shunt can be 
determined. From these observations the value of the current through 
the strip and consequently the resistance of the strip can be determined. 

The resistance at room temperature was always determined by the 
same method using such a small current by inserting R, that no appre- 
ciable heating of the strip took place. 
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The temperature coefficient was determined in the same manner, 
the gauge, before sealing in the case, being immersed in an oil-bath and 
its resistance determined at different temperatures. The temperature 
coefficient for different specimens of platinum varied widely ranging from 
.0030 down as low as .0013. 

The absolute gauge was checked against a McLeod gauge of 750 c.c. 
capacity. Since the gauge which has been described is quite sensitive 
only a very small difference of temperature between the strip and the 
vane can be used in comparing it with the McLeod gauge in the region 
of 1 X 10° mm. of Hg which is the lower limit of this gauge. Though 
considerable uncertainty attends the measurement of a small difference 
of temperature in a glass vessel, subject to fluctuations of temperature 
in the room, the agreement with the McLeod gauge in the region of 
3 X 10° mm. Hg was about 10 per cent. This held both for readings 
with and without liquid air on the trap, correction being made for the 
vapor pressure of mercury in the latter case. 

With a gauge of such sensibility it might be thought that radiation 
pressure from the heated strip might be noticeable at the higher tempera- 
tures. Calculations were accordingly made from the best available 
data which showed that such pressure was too small to be detected. 
This was also checked experimentally. During the exhaustion of a bulb 
a pressure lower than could be detected by the gauge was obtained. 
A pressure of 2 X 107° mm. Hg would give a deflection of I mm. with a 
temperature difference of 150° between the strip and vane. No deflec- 
tion was observed. The temperature difference was further increased 
to 250° without any noticeable deflection. This shows conclusively 
that radiation pressure from the heated platinum strip does not affect 
a gauge of this sensibility though the temperature of the platinum strip 
is raised to 525° absolute. 

The gauge thus described has been very satisfactory for the measure- 
ment of high vacua. Though we have no means of checking the instru- 
ment at extremely low pressures we have, from theoretical considerations, 
no doubt of its accuracy. With the diffusion pump several glass vessels 
have been exhausted to a vacuum indicated by the gauge as being from 
2X 10-8 to 5 X 10° mm. Hg. Gauges still more sensitive could be 
constructed if need should arise. Others less sensitive, capable of being 
checked with a McLeod gauge to a pressure of I X 107? mm. Hg. have 
been constructed. These could measure a pressure as high as 1 X 107° 
if the gauge is calibrated by comparison with a McLeod gauge since 
the calculated pressure does not hold over this higher range. 

Operation of the Diffusion Pump.—The pump system consisted of the 
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house vacuum—3 to 5 mm. Hg—serving as backing for a Trimount 
oil pump which gave a pressure as low as 3 X 10-4 mm. Hg. This 
Trimount pump was used as a backing pump for the diffusion pump. 
The pump system was as short as possible and consisted of a liquid-air 
trap, a Knudsen absolute gauge and a cylindrical bulb of about 1,500 c.c. 
capacity. The connecting tube was three fourths inch in diameter. To 
reduce the speed and to be able later to seal off the bulb and gauge, a 
constriction was made in the connecting tube. 

Without heat treatment, pressures lower than 1 X 10~ could not 
be obtained. With air introduced into a system which had been pre- 
viously exhausted at a temperature of about 500° C., the change in 
pressure during the operation of the pump followed closely the equation 


bz = pie™ 


where 2 is the pressure at any given time ?¢, ~; is the pressure when 
t = o, and K is a constant of the pump. 

From this equation, Gaede has given a definition of the speed of 
exhaustion, 

S= Toe (2) , replacing K bys. 
where S is the speed of the exhaustion and V is the volume. 

At extremely low pressures the equation above does not hold since 
even in a thoroughly heat-treated system the gases and vapors coming 
from the walls of the glass become appreciable. 

Lowest Pressure Obtained as Measured by the Gauge——Preliminary 
work showed that treatment at high temperature of all glass in the 
system is absolutely essential when a high vacuum is desired. With 
the Trimount pump running, the gauge, bulb, liquid-air trap and con- 
necting tubing were heated to 500° C. for two hours. Then the liquid- 
air trap was allowed to cool and liquid air was applied. The diffusion 
pump was then started and the heating of the bulb and gauge was con- 
tinued for one hour longer. After cooling, the gauge was adjusted and 
observations showed the pressure to be 2 X 10-7 mm. Hg. After pump- 
ing overnight the vacuum showed no material improvement. Heat 
was again applied to the bulb and gauge for an hour while the connecting 
tubing was again heated. Observations now showed that the pressure 
was too low to be measured with the gauge which would give a deflection 
of 1 mm. for a pressure of 2 X 10°? mm. Hg. In subsequent exhaustions 
of bulbs of the same kind, pressures of from 8 X 107° to2 X 10-* mm. Hg 
were observed. 
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TESTS OF THE DIFFUSION PuMP IN CONNECTION WITH THE GAUGE. 


Variation of Speed of Exhaustion with Watts Input.—With the speed of 
exhaustion purposely cut down by the constriction before mentioned, 
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the backing pressure, 3 X 10-‘ mm. Hg, was kept constant and measure- . 
ments of the speed of exhaustion were made with varying watts input 
in the heater. From the curve, Fig. 4, it is seen that the smallest input 
is about 65 watts. The speed under these conditions was comparatively 
slow. There is a gradual increase of speed with wattage up to 300 watts 
after which the increase was much less up to 350 watts. From 350 to 
600 watts the speed was practically constant though showing a slight 
decrease with increasing wattage.. 
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Variation of Critical Backing Pressure with Wattage——The pump was 
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operated until a pressure of 3 X 10-7 mm. Hg was recorded after which 
the deflection of the gauge was practically constant. Then backing 
pressure for different wattages were adjusted until the pressure indicated 
by the gauge just began to increase. The pressure corresponding to this 
condition is called the critical pressure for this particular wattage. It is 
seen from the curve, Fig. 5, that the critical backing pressure is pro- 
portional to the watts input over the range of backing pressures 
3 X 10-4 mm. Hg to .6 mm. Hg. 

Relation between Critical Backing Pressure and Vapor Pressure—A 
glass tube was sealed into the side of the mercury reservoir extending 
below the surface of the mercury. A small portion of mercury was put 
into the tube and a thermometer was inserted. Thus the variation of 
the temperature of the mercury with watts input of the heater was 
observed. The curve is shown in Fig. 6. From comparison with vapor 
pressure—temperature curves for mercury it follows that critical back- 
ing pressure is a linear function of the vapor pressure of mercury. 

Variation of Speed with Watts Input at Different Backing Pressures.— 
At low backing pressures the speed of exhaustion at wattages above the 
wattage corresponding to the critical backing pressure gradually increased 
with the wattage and reaches a maximum after which there is a slight 
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decrease in speed, as is shown by curve 1, Fig. 7. With a constant 
backing pressure of .06 mm. the change in speed with watts input 
becomes greater and reaches a maximum slightly lower, but coincides 
with curve 7 at the higher wattages (see curve 2, Fig. 7). At .6 mm. 
backing pressure a small increase in wattage above the wattage corre- 
sponding to the critical backing pressure causes the speed to assume 
almost immediately its maximum value still lower than for curves 1 
and 2, but coincides with them for higher wattages. (See curve 3, Fig. 7.) 


WESTINGHOUSE RESEARCH LABORATORY, 
October I, 1917. 
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TEMPERATURE UNIFORMITY IN AN ELECTRIC FURNACE. 
By JOHN B. FERGUSON. 


HE problem of temperature uniformity in an electric furnace is 
intimately connected with almost all investigation carried on at 
high temperatures. For this reason it has generally been considered 
as a part of a larger problem and has been solved to the extent demanded 
by the requirements of the work at hand. In the present paper the 
writer wishes to discuss the conditions essential for a proper control of 
the temperature distribution, and the previous attempts that have been 
made to attain these conditions; and to describe in detail a type of 
horizontal furnace which he has found suitable for investigations requiring 
a uniform temperature over the range from 620° to 1190°. 


I. GENERAL DISCUSSION. 


The maintenance of a region of uniform temperature in an electric 
furnace requires that full compensation be made for the heat losses at all 
points within this region, and the ease with which such a compensation 
may be obtained is an inverse function of the magnitude of these heat 
losses. This is not, however, the only factor to be considered in deter- 
mining the insulation required by any given furnace. If a uniform 
temperature is to be obtained this insulation must be thick enough to 
render negligible the effect of non-uniformity in the temperature of the 
furnace surroundings, and if, further, a constant uniform temperature is 
to be obtained the insulation must also be of such thickness that fluctua- 
tion in this external temperature with time will be without effect. In 
the former case alternate thin layers of a good conductor and a good 
insulator may be used to advantage to replace thick layers of a slightly 
poorer insulator, giving the same uniformity of heat losses but with much 
reduced lag effects. 

The heat losses are never uniformly distributed in a furnace, and the 
heat supply must likewise be non-uniformly distributed. If the heat 
losses are of different magnitudes but all similarly dependent on the 
furnace temperature (an unusual case) a non-uniform heater could be 
constructed which would afford a compensation over a range of tem- 
peratures; but if these losses are not similarly dependent on the furnace 
temperature (the usual case) then such a non-uniform heater would 
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provide a compensation at one temperature only. In this latter case, 
if a compensation is desired over a range of temperatures, the single 
non-uniform heater must be replaced by as great a number of independent 
heaters as there are independent heat losses. 

The ordinary electric furnace in which a column of air is heated is the 
best known example of a region with non-uniform heat losses and is the 
type the writer wishes particularly to consider. In such an air column, 
provided convection is eliminated, there will always be a short region 
having a fairly uniform temperature. The length of this uniform tem- 
perature region will be dependent upon the length of the furnace, and 
for some work a furnace sufficiently long to provide a suitable region of 
uniform temperature can be used without further attention to end 
conditions. But the usual problem confronting an investigator is to 
increase the length of this region without increasing the length of the 
furnace. The introduction of insulating plugs or baffle plates will cut 
down the end losses by conduction and radiation and will give a result 
similar to that obtained by lengthening the furnace. For this purpose a 
plug of good insulating material is much less efficient than a composite 
plug made up of good and poor conducting layers, the first of the former 
being on the inside of the plug next the region to be uniformly heated. 
Such a plug has two functions: (1) to reduce the end losses by insulating 
the region, (2) to distribute the heat losses and also the heat supply 
uniformly across the plug and thus take full advantage of the heating 
effect of the ends of the heater. This latter precaution is particularly 
important in furnaces of large diameter. 

In many cases the region to be heated uniformly is such a large portion 
of the whole air column that even composite plugs are inadequate and 
in this case the simple uniform heater has to be discarded. A specially 
wound heater designed to give an increased heat supply at the furnace 
ends will increase the length of the region of uniform temperature and 
will yield a maximum length at one particular temperature, since with 
the materials at our disposal, the average furnace must be so constructed 
that the relation of the heat losses to the furnace temperature varies. 
The use of a furnace of this type is naturally limited since it is difficult 
to design a heater that will give the maximum length to the region of 
uniformity at a predetermined temperature. Special and separate end 
heaters independent of the main heater offer the most practicable solu- 
tion, as they enable one to obtain equally good compensation over a 
range of temperatures. 

In designing such a furnace the thickness of the layers of good and 
poor conducting materials employed will depend on the conditions under 
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which the furnace is to be used and the degree of uniformity required. 
In general a horizontal furnace gives a better temperature distribution 
than a vertical furnace of the same dimensions. Two reasons may be 
given for this: (1) The convection currents in the air column of the 
vertical furnace are more active and may be considerable if the furnace 
is not gas tight, and (2) the temperature distribution over the outside of 
the vertical furnace is much less uniform than in the case of the horizontal 
furnace. The horizontal furnace has therefore been much more fre- 
quently used and was the type employed by the writer. 


II. Previous Work. 


Almost all investigators in the field of high temperature have been 
obliged to consider the problem of temperature uniformity. In this 
paper it is obviously impossible to present all the results that have been 
obtained and the writer has chosen to present only the work which best 
illustrates the points he desires toemphasize. In fairness to those quoted 
the reader should remember that most of them were interested in the 
development of a furnace suitable for their particular need and in that 
alone. 

Among the earliest investigators to touch upon this problem were 
Holborn and Day,! who in 1899 experimented with both uniform and 
non-uniform heating coils. They found that the latter gave the better 
temperature distribution but with an optimum uniformity for a short 
range of temperature. 

A somewhat more complicated furnace was used by Waidner and 
Burgess.2. It consisted of two concentric furnaces, the outer having 
a long heater with crowded end windings while the inner was shorter 
and uniformly wound. In such an arrangement, the end and center 
heat supplies are only partially independent of each other and so the 
compensation is still a function of the temperature although not as 
dependent on it as in the case of the single non-uniform coil. The »con- 
clusions are entirely borne out by their results. 

In 1908 Day and Clement,*® confronted with the same prob! a that 
had confronted Holborn and Day in 1899, were able with a new furnace 
to obtain along their gas-thermometer bulb a temperature distribution 
which did not vary over 1° up to 1200°. This they did by means of 
independent auxiliary end heaters which, like the main heating coil, 
were wound (one in each end) on the inside of the furnace tube and were 
separated from the main coil by a layer of refractory magnesite cement. 

1 Holborn and Day, Ann. d. Phys., LXVIII., 815, 1899; Am. J. Sci., (4), 8, 165, 1899. 


2? Bull. Bur. Standards 3, 165, 1907. 
3 Day and Clement, Am. J. Sci., (4), XXVI., 405, 1903. 
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Two slightly different types of furnace were used by Day and Sosman! 
in continuing the work of Day and Clement in 1910. Both had baffle 
plates in the unused portions of the air column which cut down the end 
losses by radiation. These end radiation losses, which seem to have been 
overlooked by all the previous investigators, were found to be of consider- 
able magnitude. The furnaces differed only in the form of the heaters. 
In the first, the main heater was slightly crowded at the ends and inside 
wound, while the end coils were similar to those used by Day and 
Clement. In the second, the heating coil was divided into three units 
subject to independent control, and was wound on the outside of a thick 
tube of good conducting material. This second furnace yielded the 
better temperature distribution but could not be used at the highest 
temperatures. 

The three-heater principle first used by Day and Clement was also 
employed by Gray,’ who desired the greatest uniformity attainable. 
Instead of separating his good conducting baffles by air as Day and 
Sosman had previously done, he used a layer of a good insulating material. 
This type of plug, though very similar in principle to the plug used by 
Day and Sosman, is probably better, since it is a better longitudinal 
insulator. The fact that metal baffle plates separated by thin layers of 
air form, in effect, a composite plug conducting transversely and insulat- 
ing longitudinally, apparently did not occur to Gray, who independently 
later developed the idea. His first furnace, in addition to such plugs, 
contained thick-walled iron tubes and was heated by three independent 
heaters; the main heater was of basket weave; the other two were 
situated in the outer portion of the plugs. Evidence of severe local 
heatings led him to rebuild the furnace with two concentric heaters of 
basket weave and larger end coils which now were placed outside of the 
plugs and covered a considerable portion of the furnace ends. 

Gray did not fully appreciate the value of the independent heater idea* 
and attributed his success mainly to other causes. His description im- 
plies that such plugs as are described above will enable one to use a furnace 
with crowded windings over a range of temperature. This is not gen- 
erally true, for if the windings are crowded so as only partially to com- 
pensate over the range of temperature at which the investigator wishes 

1 Day and Sosman, Am. J. Sci., (4), XXIX., 93, 1910. 

2 Bull. Bur. Standards, ro, 451, 1914. 

3In his discussion of this subject, Gray apparently overlooked the various investigations 
in connection with high-temperature thermometry, for he says: ‘‘ Previous experimenters 
have tried to secure uniformity of temperature in an electrically heated air column by using 
the central portion of a long tube and by crowding the windings near the ends or other places 


where the heat was lost most rapidly,’’ whereas several of the investigators referred to had 
already used independent end heaters. 
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to work the additional compensation may be obtained from the end 
heaters and a good temperature distribution will result. It will not be 
a convenient furnace to work with, however, as will be discussed later. 
But if the furnace is so wound that at any temperature within the range 
of temperatures considered a perfect compensation is made without the 
end coils, then at higher temperatures there will be under-compensation 
and at lower temperatures over-compensation by the crowded ends. 
Obviously if there is over-compensation a plug by means of which the 
supply of heat at the ends can only be kept constant or increased offers 
no possibility of a solution. The basket weave would seem to have been 
a detriment rather than an aid, since a single main heater of that type 
was insufficient and two were necessary to avoid severe local heatings. 


Fig. 1. 


Curves I., II., III., and IV.: Uniformity attained in a furnace with crowded ends by Hol- 
born and Day. Curves I. and II. indicate an over-compensation, and Curve IV. indicates 
an under-compensation of the end heat losses. 

Curves V., VI., and VII.: Distribution obtained by Waidner and Burgess at different 
temperatures. 

Curve VIII.: Results of Day and Clement obtained by means of a furnace with three in- 
dependent heaters over a range of temperature. 

Curves IX. and X.: Results obtained by A.W. Gray. IX. shows the temperature distri- 
bution with composite plugs and end coils and X. with plugs alone. 

Curve XI.: Results of Allen and Lombard. 
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The form of the plugs is not as important as would appear from 
Gray’s experiments. The main requisite is the separation of the heaters 
from the region to be heated by sufficient material to smooth out any 
local heating effects. Just how much latitude there may be in the 
designing of plugs, end coils, etc., may be gathered from the work of 
Allen and’ Lombard! and also that of the writer. The furnace of Allen 
and Lombard had flat end coils that did not cover the plugs, and also 
solid asbestos caps, while the main heater was a single coil wound on a 
helically grooved alundum tube with walls 0.5 mm. thick. With this 
furnace a uniformity equal to that obtained by Gray at approximately 
the same temperature was obtained. 

In Fig. I curves representing some of the work referred to are given. 


III. EXPERIMENTS. 


The actual design of any furnace is dependent on the purposes for 
which it is intended and the materials and facilities the experimenter 
has at hand. It is therefore doubtful whether any special design will 
have a very general application. 

Nevertheless a description of a furnace may furnish the prospective 
designer with much useful information, and for this reason a description 
of a 45 cm. furnace capable of uniformly heating a region 6 cm. in diam- 
eter and 10-12 cm. long at temperatures ranging from 1000—1200°, 
and maintaining this uniform temperature constant for long periods of 
time, will be given. In the development of this furnace a number of 
types were tested out, and of these a few proved satisfactory. The 
final changes were made with the intention of simplifying the construc- 
tion and regulation rather than of improving the temperature uniformity, 
since the latter could be obtained in several of the furnaces. 

The final design is shown diagrammatically in Fig. 2. The end coils 
may be either crowded or uniformly wound, but the main central heater 
must be uniformly wound. Equally good compensation will result if 
the central heater has slightly crowded winding, but the resulting furnace 
is not as convenient to use over small ranges of temperature. For 
example, with a uniformly wound heater at a given temperature changes 
of ten degrees or so in the furnace temperature can be obtained by regula- 
tion of the central heater current without disturbing the compensation 
much, whereas in a central heater with crowded end windings, the same 
change in the current would have necessitated considerable adjustment 
of the end coil currents. The end coils should be more closely wound 
than the center, thus increasing their resistance and lessening the danger 


1Am. J. Sci., 43, 175, 1917. 
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of severe local heatings. The heaters are shown as independent units. 
This renders possible a variety of connections. In some of the writer’s 
work the tube to be heated was very short and it was therefore desirable 
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Fig. 2. 


Ideal section of cylindrical furnace with independent end heaters and plugs. 


to heat the ends as little as possible. Satisfactory results were obtained 
by running the plug coils in series with the center coil and compensating 
by means of the end coils. In practically no experiments was a good 
compensation obtained by running the two end coils in series as one end 
invariably required more current than the other. 

The actual furnace is shown in Fig. 3. The large amount of insulation 
was necessary in order that a constant temperature might be maintained 
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Cross-section of cylindrical furnace with end heaters and plugs, showing details of construction. 
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over long periods of time. The construction of the heater and plugs may 
be thus described : 


Heater.—Two helically grooved alundum tubes were selected of such 
a size that the smaller readily slipped inside the larger and was of 6 cm. 
inside diameter. A coil of 0.8 mm. platinum wire was wound on each 
end of the smaller tube for a distance of 10 cm. from the ends, and the 
whole was covered with alundum cement and baked. When hard the 
excess alundum was removed until this tube would just slide into the 
larger tube. A hole was bored through the large tube at each end at 
the inner edge of the end coils, and the inner wire ends, which had pur- 
posely been left long, were brought out through these holes. The smaller 
tube was then slid into the larger and these ends drawn tightly through 
and then wound back on the outer tube to its ends. The central portion 
of the outer tube was then separately wound with similar wire and the 
whole covered with alundum cement and baked.'! This peculiar method 
of winding was found to be necessary because alundum cement is not as 
good an electrical insulator as many suppose. Two furnaces, constructed 
with uniform main heaters extending the full length of the tube and with 
end heaters wound around the main heater and insulated from it by 0.5 
cm. of alundum cement, did not even survive their trial heats, as the 
current arced from the main to the end coils burning them out. 

Plugs.—The principal details may be observed in Fig. 3. The inner 
and outer alundum tubes were cemented to an alundum disc with water 
glass. The space between the tubes was filled with freshly ignited mag- 
nesia powder to within 1 cm. of the end and this magnesia held in place 
by means of a paper washer. The remainder of the space was filled 
with alundum cement and the whole baked. In order to insure a good 
tight fit the outer alundum tube was usually coated with alundum cement, 
and when this had hardened the plug was filed down until it would just 
slide into the furnace. The inside of the outer edge of each alundum disc 
was covered with asbestos wool stuck on with water glass, thus insuring 
a tight fit when the plug was pushed home and eliminating any radiation 
losses through the crevices. 

The use of alundum with burnt magnesia and fire-clay in all the 
hot portions of the furnace assures that the furnace will give consistent 
results day after day even at quite high temperatures with practically 
the same current. The calorox which forms the outer insulating layer 
is unsuitable at temperatures as high as 1000°. The outer shell is of 
sheet iron, painted with aluminum paint. We find that this paint 

1A smooth (1 cm. thick) alundum tube upon which the end coils might have been more 


closely wound than the center would have been easier to handle but unfortunately was not 
available. 
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reduces the total heat losses by reducing the radiation, thereby increasing 
the temperature of the shell and decreasing the temperature gradient 
across the insulation. 

Electrical Connections.—As has already been stated, the exact method 
of making electrical connections will depend on the particular use that 
is to be made of the furnace. Three separate electrical controls will be 
almost always essential although the current required by the end heaters 
will usually be very nearly of the same magnitude. The writer was able 
to take advantage of this fact in developing a set-up whereby all the 
adjustment could be obtained from two main circuits with considerable 
saving both of current and the operator’s time. 

A diagram of these connections is shown in Fig. 4. A and B are the 
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A convenient plan of electrical connections for the furnace with independent end coils. 


two main circuits. In A the current always flows through the furnace 
coil F; and the variable resistance R; and can be made to pass through 
the ammeter M, by means of the switch S. In B the current has two 
routes depending on the way the switch S. is thrown. As in A, the 
current always passes through a variable resistance R, and at will may 
be made to pass through M, by means of switch S;. The function of the 
three-way switch 5S: is to place the variable high resistance R; in parallel 
and the ammeter M, in series with one of the furnace coils either F2 or 
F; at will. If the switch S; is thrown to the left and the switch S2 to the 
right the current follows the route—S,, M;, Re, Fe, Rs in parallel with 
F; and M2, and back. The upper ammeter shows the total current, 
i. é., current through F2, and the lower, the current through F;. With 
this arrangement the current through F; will always be equal to or less 
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than the current through F; but by reversing the switch S_ the position 
of these furnace resistances is reversed and so all the required adjustments 
can be made. If nearly the same amount is required through both F, 
and F; the amount wasted in R; will be very small. 

Temperature Measurements——In the earlier work a single platinum- 
platinrhodium thermoelement tube was used. It was mounted in a 
Marquardt porcelain thermoelement tube having two small holes bored 
in the closed end, through which the wires passed; the junction was 
bare and bent so that it would come in contact with the gas balloon which 
was to be maintained at constant uniform temperature. The thermo- 
element tube could be inserted or withdrawn from the furnace and the 
measurements were always made when the tube was about to be with- 
drawn, since on inserting the tube the uniformity was somewhat dis- 
turbed. When the local heatings were found negligible this thermo- 
element was replaced by a compound element of the form shown in Fig. 5 
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Fig. 5. Fig. 6. 
Compound thermo-element. Section of furnace with gas bulb and compound thermo- 
element. 


by means of which direct or differential temperature measurements 
could be obtained at any one of three points with but four leads. Fig. 6 
shows one of these later set-ups. At 1000° no trouble with leakage was 
experienced, but at 1200° it caused considerable trouble, especially when- 
ever any part of the element came in contact with the hot alundum 
furnace tube, and necessitated careful shielding in the furnace itself. 
This was obtained by placing in the furnace a sleeve of thin platinum foil 
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connected to the outer shield, and carefully insulating the same from the 
element itself by enclosing most of the latter in Marquardt porcelain. 
The measurements were made by means of the usual potentiometer 
set-up.! 

IV. REsULTs. 

In most of the investigations no greater uniformity than + 0.5° 
was necessary and no attempt was made to improve on this. The 
apparatus is undoubtedly capable of producing a uniformity of + 0.2°, 
the limit set by local heatings, provided the experimenter is willing to 
take the trouble with the current adjustments. 

Figs. 7, 8 and 9 are curves representing the results. 





Fig. 7. 


Temperature uniformity. 


Curve I.: Furnace with end plugs and uniformly wound heater. 

Curve II.: Furnace with end plugs and crowded end windings on heater. 

Curve III.: Furnace with flat end heaters similar to those used by Allen and Lombard, 
with slightly crowded windings on ends of main heater and with plugs. 

Curve IV.: Furnace similar to III. with exception that the furnace heater was uniformly 
wound and the plugs contained extra end heaters. 

Curve V.: Furnace as described in detail in the text. (Curves I.-V. at approx. 1000°.) 

Curve VI.: Furnace V. at 620°. 

Curve VII.: Furnace V. at 1002°. 

Curve VIII.: Furnace V. at 1186.5°. 

Curve IX.: Curve VII. of Fig. 1 (page 85) repeated. When compared with Curves I. 
and II., in which likewise only unheated end plugs were used, an idea may be gathered of 
the adverse conditions under which the writer worked as compared with those of Gray. 


1W. P. White, Potentiometer Installation, Especially for High Temperatures and Thermo- 
electric Work, Puys. REv., XXV., 334-352, 1907. 
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Unfortunately furnace V was not used with the same set-up on dif- 
ferent days so that no comparison can be made of its performance on 
different days with the same current. At 1190° with a porcelain tube 





Fig. 8. 


Temperature uniformity. 


These curves represent the furnace distribution obtained during a series of experiments at 
approximately 1190°. 


3 cm. in diameter at the center and somewhat smaller ends the current 
required on 110-volt circuit to give a uniformity of + 0.5° was: Left, 
5-65; center, 5.50; right, 5.55 amp. Furnace JV was constructed of 
exactly the same material as furnace V although of different shape, 
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Fig. 9. 


Temperature constancy. 


Curve I.: The fluctuations in the furnace temperature with time in part of a four and a 
half run with furnace IV. at 1001.4°. 


Curve II.: The fluctuations in the furnace temperature with time ina run with furnace V. 
at approximately 1190°. 


and one may with reasonable certainty infer that if furnace JV would 
reproduce a given temperature uniformity furnace V would also. Table 
I. gives the results obtained in four separate runs with furnace IV. 
Particular attention is directed to the great difference in the current 
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required by the end coils in the two different set-ups. The heat lost by 
radiation through a transparent silica glass capillary tube of 1 cm. outer 
diameter and I-mm. bore necessitated the increasing of the current in 
the end coils from 3.35 to 4.06, an actual increase of 0.71 amp. or 21 per 
cent., and confirmed the observation of Day and Sosman on the magni- 
tude of the end radiation heat losses. 


TABLE I. 


Energy Required Under Different Conditions of End Radiation. 





























Set Up. Date. Left Coil.| Center [Right Coi.| Temperature 
Porcelain tube A....... Dec. 7, 1915 3.35amp.| 5.1 | 3.30 | 1001.0 +0.5° 
ss Jan. 6, 1916 3.35 | 5.1 | 3.35 | 1000.4 + 0.5° 
Transparent silica tube | | 
_ Feb. 21, 1916 4.04 4.95 | 4.06 | 1000.0 + 1.0° 
a Mch. 15,1916 4.05 | 5.02, | 4.06 | 999.5 + 1.0° 
SUMMARY. 


The production of temperature uniformity in an electrically heated 
air column can best be accomplished by means of three independent 
heaters in addition to end plugs. The entire region to be heated should 
be surrounded by a layer of conducting material sufficient to smooth 
out any local heatings, and the whole furnace should be so insulated that 
the effect of non-uniformity in the temperature of the furnace surround- 
ings is rendered negligible. The use of alternate layers of good and poor 
conductors will reduce the total amount of insulation necessary, but if 
constancy of temperature as well as uniformity is desired the insulation 
must be of such thickness as to eliminate the effect of temperature 
fluctuations in the furnace surroundings during the period the furnace 
is in use. This type of furnace has the advantage that it may be con- 
verted into a simpler type if less uniformity is adequate by merely 
changing the mode of connecting the heaters. 

A furnace embodying these principles is described in detail. This 
furnace yielded a temperature uniformity of + 0.5° at temperatures 
ranging from 620° to 1190°, and at 1000° and 1190° a temperature con- 
stancy of + 0.25° for periods of time exceeding an hour. With greater 
care in adjustment a uniformity of 0.2° should be possible, and without 
doubt the furnace could be run at much higher temperatures without 
great loss in efficiency. The furnace is economical of current and will 
reproduce practically the same conditions on different days with the 
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same amount of current provided the temperatures are below that at 
which magnesia powder begins to pack. 

Some results indicative of the behavior of several different furnaces 
and set-ups are presented for their comparative value and also with the 
view of indicating the magnitude of some of the effects obtained. | 
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